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Abstract

In my recent papers (Kitaigorodskii, 2011a, 2011b, 2013a, 2014) the cut-off wavenumber kq for
weakly nonlinear waves in the inertial subrange was defined as
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where & is the energy transfer rate (energy flux through the spectrum) and kg L characterises the total
width of the dissipation subrange. The formula (1) suggested by Kitaigorodskii (1983, 2013a) establish
very important relationships between turbulent energy dissipation per unit mass, E, in turbulent patches
that are formed by surfs, and the components of the energy balance in the equilibrium range of wind
waves scales (Phillips et al., 2001). In this paper we present the results of the determination of kg at dif-
ferent stages of the wave growth. This permits us to describe in some details the energy balance of wind
waves and variability of air-sea interaction processes related to changes in the cut-off scale k.
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1 Introduction

The turbulent energy dissipation & in the upper ocean is, according to
Kitaigorodskii (1998, 2001)

& = f(u*W'Zl KO'ZOd)7 (2)

where u,,, is the friction velocity in the upper ocean, z the depth, K, the turbulent vis-
cosity defined by analogy with shear free turbulence where K|, is independent of z
(Long, 1978), and z,, is the ocean surface roughness as seen from below, which accord-
ing to the theory of Kitaigorodskii (2001) equals to

Ko for% > 1, 3)
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where v is the kinematic molecular viscosity. Thus according to Kitaigorodskii (2001)

4
& = l;—‘” F (%) for z > zy,. 4)
0 0

The expression (4) is, strictly speaking, valid for neutral stratification. In the region of

turbulent patches that form as a result of wind wave breaking (u;{wz ~0 (1)) we can pos-
0
tulate that
ul
& = &0 = Ay KW ; F = A, = const. (5)
0

In (5) 4, can depend on nondimensional characteristics of quasi-stationary condi-
tions in the upper ocean such as nondimensional fetch or duration (wave age). The value
of A, can also depend on the mechanisms of turbulent mixing chosen for determination
of the eddy viscosity K in (2) — (5). Only empirical determination of the variability of
A, is available at the moment (Kitaigorodskii, 2011a, 2011b). However, as it will be
shown in following sections, the variability of 4, is one of the key factors in our under-
standing of interrelations between upper ocean turbulence and wind waves. According
to (5) & may depend on both the velocity shear (through u,,,) and the turbulent energy
flux directed deep from the center of the patch generated by the process of wave break-
ing (through K;). Of course in formula (5) the effect of density stratification, when it is
not negligible, is reflected in subsurface ocean layer. Also according to (3) and (4) we
will not consider the structure of turbulence in the vicinity of the energy source, i.e. at
Z < Zpq-

The experimental data of Terray et al. (1996) and Drennan et al. (1996) has been
used by Kitaigorodskii (2001) first of all to find the existence of a noticeable range of
depths where (5) is valid together with the values of A, for different stages of wind
wave growth (see Fig. 1). This Figure contains the information that was available about
&t In (2) at the moment of writing the paper. Of course, the parameterization of white-
capping dissipation & in (5) by using Long's (1978) theory of shear free turbulence
with an eddy viscosity K, constant in depth need some more detailed arguments. One of
them is based on empirical knowledge that turbulent energy o; is proportional to the
frequency of grid oscillations practically in all depths z. The other empirical feature of
grid-generated turbulence is that turbulent energy decays with the distance from the grid
as

o~z 1 (6)
This lead to appearance of a constant (in depth) eddy viscosity K (Long, 1978):
K ~ o:l; = const, (7)

where [; ~ z is a scale of turbulence. Thus the shear free turbulence that can be generat-
ed by wave breaking can also have some features of the classical wall turbulence. How-
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ever, and it was pointed out several times by Kitaigorodskii (2011a, 2011b), that asymp-
totic properties of such shear free turbulence generated by a source of energy with the
size scale d (Long, 1978) of indefinitely small dimensions, for example the law

K3
g = p(Kp) ~ pry (8)

are not supported by recent direct measurements of the subsurface turbulence
(Kitaigorodskii, 2011b) in the ocean. Therefore we must assume either the influence of
shear in (4) or closeness to the energy source described by the influence of zy,.
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Fig. 1. Universal function &oKy/uf, = F(u,,z/K,) (4) for the SWADE experiment data (Drennan et
al. 1996). The average value of A, = 20.9 is shown as In4, = 3.04. Six points in the region & =
&(2) (1.6 > u,,z/Ky, > 1.2 and the line corresponding to z = 15z,4 are also shown. Modified from
Figure 1 in Kitaigorodskii (2009, 2011a).

Remember that our energy source is just a continuous process of breaking (or
overturning if you wish), which is present at the wavy sea surface. To characterize the



10 Sergei A. Kitaigorodskii

latter process with constant eddy viscosity we suggest that its scale estimate must be de-
fined by at least two quantities — amplitude and frequency of breaking waves, i.e.

Ko ~ ajywpy ®)

where for estimates of a;, and w,, the simplest way is to define them via spectral den-
sity of wave energy S(w)

ayy = [2 I S(a))dw]% (10)

and wp, can be identified with dissipation cut-off frequency w,

1 gk &
wpr = wg 5 ki = (1) an

Thus we come to Kitaigorodskii's (2001) suggestion to calculate K, through the rela-
tionship

Ko = a0, = 2w, f;‘; S(w)dw. (12)
With

S(w) = Bg*w™>; w » wy; B =0.025 (13)
the formula (12) will lead for nondimensional cut-off frequency ©oY _ 4.0, where U,
is the wind speed, to

Ko=2-1074% (14)
and for ngUa =5.0to

Ky=1- 10—4”?3. (15)

Let us underline that the turbulent velocity scale g;~a,,w, based on a;, and w,
is of the order of orbital velocities of small breaking gravitational surface waves, which
we consider to be typical for whitecapping dissipation (Phillips, 1958), and thus have

OtQpr

2
small values of Reynolds number Re; = = ablﬁ based on a,,. So the hypothesis

of wave induced turbulence generated by exceeding the critical value of Re; is not ap-
plicable for whitecapping turbulence. It is irrelevant even for larger waves' because of

2
I For larger wave amplitudes with Reynolds numbers Re = %, the effective turbulent viscosity

strongly decays with depth as e ~2¥2,
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the domination of wind stress induced currents and shear turbulence in the upper ocean.
That is why for a long time most of the efforts in studies of upper ocean turbulence in
the presence of wind waves were concentrated on check-up of the classical relationship

u3

& = K;V ; k=04, (16)

It is not surprising that it was found that in data analysis the formula (16) works
quite well (except in the very thin subsurface layer). Because of this the modelling of
upper ocean turbulence considered for a long time that its structure is close to the classi-
cal wall layer turbulence.

Kitaigorodskii and Miropolskii (1968) took for the first time the effect of wave-
generated turbulence into account in form of finite surface turbulent energy flux at-
tributed to wind wave breaking. This idea was later used by Graig (1996) and Graig
and Banner (1994) when they wanted to explain the enhanced level of turbulence in the
upper ocean due to wind waves. This produces the need to use assumptions about zy; —
the roughness from below in the ocean surface layer. It was done unfortunately not in
the form of Kitaigorodskii-Long theory (3). The comprehensive paper on modelling the
upper ocean turbulence was published by Benilov and Ly (2002). The authors found that
the shear free turbulence K, = const is just one of the asymptotic regimes in the struc-
ture of the ocean turbulent boundary layer resulting in an existence of the inner sublayer
with K = const inside the whole turbulent boundary layer. Thus their work can be con-
sidered as a support for the justification of above used turbulence theory (2) — (15) in
parameterization of the whitecapping dissipation.

2 The cut-off wave number for initial subrange in wind wave field in case of dif-
ferent energy balances in the equilibrium wave spectra

The formula (1), which we rewrite here as (Kitaigorodskii, 2013a)

& 1/3
0 = 17 = ge, (17)

establishes a very important relationship between turbulent energy dissipation per unit
mass & in turbulent patches that are formed by surfs and the components of the energy
balance in the equilibrium range of wind wave spectrum. For example, if &, must char-
acterize energy input from wind to waves, the estimate of ¢, in (17) can be done as in
Kitaigorodskii (1983, 2013a):

PwEK = VYTaCp, (18)

where p,, is the water density, yt, is the momentum flux to waves so that y in (18) is a
fraction of the total stress T, = p,u?, used by growing waves and Cp 1s the phase veloc-
ity of waves acquiring energy and momentum from the wind. Formula (18) can be re-
written as
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pwgzk — )’Cp, (19)

where yc, can be defined as an effective phase speed ¢ = yc, related to wind input

(Gemmrich et al. 1994) for the equilibrium range of wind wave scales. In this range of
scales (with phase speeds proportional to ¢, and u,,) the total wave dissipation accord-

ing to Phillips et al. (2001) is

pwer = pattda In (G -2) (20)

Usg
where E and G are numerical coefficients, which were taken in Phillips et al. (2001) as
E =2.5; G =0.5. (21)

In the equilibrium range theory of Phillips (1985) the wind input (18) must be of
the same order of magnitude as the dissipation in (20) and (21). This leads to

y-2 =25In(G-L). (22)

Usg Usg

For the range of observed ® —5-25 (Phillips et al. 2001) the values of y in

Usg

(18) and (19) are in the range
y ~ 0.4 —0.16. (23)

Such energy balance was accepted also in the classical paper of Komen et al.
(1984) where the equilibrium state was considered as a result of competition of the wind
input (18) with the wave dissipation (20) rather than a relaxation of wind sea to the in-
herent state due to the effect of resonant four wave nonlinear interactions. The latter
view was advocated by Badulin et al. (2007) and Zakharov and Badulin (2011) who
considered that the leading role of the nonlinear transfer in wind driven sea exists prac-
tically at all stages of wind wave growth. The corresponding formulations and compari-
son with data and numerical simulations can be found in the papers Badulin et al.
(2007) and Gagnaire-Renou et al. (2011).

Kitaigorodskii (2013a) showed that the data analysis in the paper by Gagnaire-
Renou et al. (2011) shows that the assumption of the dominance of nonlinear transfer in
the inertial subrange implies that practically in all stages of wave development y in (22)
must be

y = 1072, (24)

which means that the region of energy input is strongly separated from the region of en-
ergy dissipation. This contradicts the conclusions of Phillips et al. (2001), but agrees
with the conceptual picture of wind wave spectra proposed by the author as early as in
1961 (Kitaigorodskii, 2013a, 2013b). We will investigate below different cases of ener-
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gy balance of the wind sea, including those when v varies as in (22) — (24). We will em-
phasize that if (24) is really the case, i.e. wind input is concentrated at smaller phase
speeds than ¢, this must enable the appearance of a region of inverse energy cascade,

whose existence in Zakharov and Badulin (2011) was just postulated without any proofs
(beside using the energy versus w, relations, which, as we mentioned before, cannot

serve as a useful tool for testing different hypothesis about the energy balance for wind
waves). Our calculations in terms of the variations of cut-off wave scales with the wave
age give, for the first time, a reasonable qualitative explanation of the variations of the
atmosphere-ocean interactions during the whole cycle of wind wave growth with the
changes in the characteristics of the atmospheric turbulent boundary layers.

3 The scaling for cut-off dissipation wave number and frequency for weakly non-
linear wind generated surface gravity waves

To find the variability of the cut-off wavenumber k, (formulas (1) and (17)) let us

first consider the determination of the friction velocity u,,, in the water. We will use the
commonly used expression based on the simplified form of the momentum balance

Ta = Vig = Ty = Pyl *wr (25)

which in (5) leads to

a-n2(22) ut,
Ko

Sto = AO (26)

and to the following expression for k, (see formulas (17) — (19))

Uxq (1-y)? 1Pa
- tafa, 2 ) .

The values of y can be chosen with the Phillips (1985) suggestion to equalize en-

ergy input to dissipation, which leads in Phillips et al. (2001) to the range of values of
0.4 — 0.16 for y (see (23)) when the observed range of values for ¢, /u,q 15 0.2 — 0.04.

Thus in (27) the corresponding values of L1 ks are 0.9 and 4.4. This will give in (27)
the following expression for kg, now independent of (for Pa/Pw = 1.2-1073):
ky,=021-4,-1073 ”K— (28)

0

The estimates of A, in Kitaigorodskii (2011a, 2011b) gave A, =~ 102. So the final for-
mula for kg is

k, = 021" 10-1%. (29)

0
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Two alternative estimates of K, can be done, the one based on classical shear tur-
bulence theory with K, = u,,,z,q and the other based on Kitaigorodskii's theory on
whitecapping dissipation with Ky ~ ap,wg. As the author has shown in several publica-
tions the direct measurements of turbulence below breaking wind waves favour his the-
ory as a first approximation for description of the turbulent energy balance in the pres-
ence of strong whitecapping.

Thus % is a good possible scaling for k,, since it permits to make a choice for K|,
0

that defines the scaling in terms of external parameters, in particular in terms of the
wind speed. If we will use (9) for whitecapping K, with approximations (12) and (13),
we have

ug
K, = Aoo? (30)

where A, depends on the choice of the value of nondimensional cut-off frequency

Wy = w‘i} Ya (Kitaigorodskii, 2013a) in (12) and (13). It follows that for the observed

range of @y, the values of Ay are in the range

AOO = (1 - 2) b 10_4. (31)
The expression (27) can be rewritten with Ao ~ 10? (Kitaigorodskii, 2011a)

2 10-1c%
kgUZ _ 021107/
_ | (32)
g Aoo

2
where C; = (%) is the drag coefficient for the sea surface, and A, is given by (31).

For C; = 1.3+ 1073 we have from (32)
= _kgUi 75  _ _ 1/2 274
o ="g Tu ¢ PYa=ke =

= 2.7195. (33)

This is just a crude estimate of @, which follows from (20) in this range of frequencies.

We will see how these values of Eg and @gagree with our previous estimates and
observations. The above-mentioned formulas for cut-off wave number and frequency
were received using well-known characteristics of interacting turbulent layers in the at-

mosphere (U4, Uy, Zp) and in the upper ocean (u,, Ky, Zo4). The other useful scaling
for kg can be based on its relation with z,, — the roughness parameter from below. If for

whitecapping turbulence z is

Ko

Zog = 0.1 (34)

Uy
as was suggested by Kitaigorodskii (1994), then replacing K, in (27) we will get, in-

stead of the scale %, for k, the following expression
0
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Ag |@-y)?% (¢ -1 a Usa
ngOd=_0 _7’(_17) p_“_]. (35)

10 Y Uxq Pw Uxw

From (25) we have

~%
Ya _ (Pa — )%
w2=(2) a-» (36)
and finally in (35)
_ A_O (1—‘}/)3/2 C_p -1 Pa Yo
ngOd 10 y (u*a) (pw) ’ (37)
For two values of :p (5 and 25) and correspondingly two values of ¥ (0.4 and 0.16 in
(23)) we have from (37):
—v)3/2 _)3/2
A — 115 fory = 0.4, and & f = 4.8 fory = 0.16. (38)
. p e c
With (p—“) = 0.034 and the two values of up , we finally get
kyzoq = Ag(8 —6.2) - 107, (39)

If we accept as before the empirical value for A, ~ 102 then,
kyzyq =~ 0.08 — 0.062. (40)

For the last value of k,zos in (40) we will have a rough estimate for the value of 15 = i—n:

g
Ag = 10%zyq, (41)

which gives for example 4; = 1 m when zy; = 1 cm. This means that z,, for the turbu-

lence generated by whitecapping lies deep inside of the layer whose thickness is compa-
rable to cut-off scales of wind waves.
To avoid any further speculations about proper scales for k; and wy let us just use

the Phillips et al. (2001) estimate of dissipation of the wind wave energy in our deter-
mination of the variability of dissipation scales in wind waves on the basis of turbulent
energy dissipation in whitecapping subsurface turbulence (see (5) — (15)).

4 Results of the calculation of the variability of the cut-off frequency for weakly
nonlinear waves with wave age

Let us start here with commonly used expression based on the simplified form of
momentum balance (25), which leads to

2
uhy = (22) ula(1 - y)? (42)
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and thus to the expression (26) for & in (5). Now we can define kg, and w,— the cut-off
wave number and frequency by equalizing the dissipation of wave energy in the dissipa-
tion subrange to the & defined in (26) — the dissipation of turbulent energy in the sub-
surface layer, where dissipation &; is presumed to be independent of the depth z (formu-
las (5) and (26)). The most natural way to do this is to accept the energy balance in the
form given in (20), where the dissipation of wave energy that was measured directly for

the first time by Phillips et al. (2001) can be taken according to formulas (20) and (21).
That gives us the following expression for k:

_ Ag(1-y)? Z—a)u*a

g =t (43

This formula gives for the nondimensional wave number Eg and frequency @y

~ kqUZ wqUg ~ \1/2
kg=gT;“’g=gT=(kg) (44)

the following expression:

- cH/*Pe(1-y)24,
_ ~2 _ f pw
ky = &g = T RE (45)
where
> _ Kog _ [ Usa 2
Ry="¢ and ¢ =(32) (46)

are the nondimensional shear-free eddy viscosity K, and the drag coefficient for the sea
surface Cy.

Our first calculations were made for a fixed value of the drag coefficient Cr. We,
like many other air-sea interaction people thought that it could be characterized by a
typical value in a narrow range Cr = (1.1 — 1.3) - 1073. The recent estimates of Cp,
especially for strong winds (hurricane type) indicate that its range can be much larger

(Bell et al. 2012, Kitaigorodskii, 2014). Therefore in our calculations presented below
we keep the observed range of Cyvalues in the interval (1 — 2.5) - 1073, This was done

also because we want to demonstrate that the choice of the observed values of Cr does
not influence our general physical conclusions about the wind wave growth proposed in
this paper.

The other important unknown parameter in the balance of the energy and momen-
tum in wind waves in our formulation described above is y. Its values also can vary
widely as was shown in Section 3. However, we are trying to find the existence of phys-
ically meaningful solutions, which can be independent of choice of the possible values
of y. We will discuss this question at the end of this section, but now let us first present
some results of the calculations of lzg and @, based on our theory (43, 45). They will

* E should be Eln(G c,/u.q), see Eqgs. (20) and (22). Editor's remark.
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show that the changes in the values of Eg and @, must be connected mainly with the

changes in the stages of wind wave growth — so called inverse wave age characterized
) ) ) u ~
by the ratio of the wind speed U, to the peak phase velocity ¢, % = w’; <= @y
14

To complete the calculations of Eg and @y we also must know the values of K, -

the nondimensional turbulent viscosity for subsurface turbulence caused by whitecap-
ping. These calculations, like was shown in Kitaigorodskii (2011a), require the
knowledge of &g, thus making the problem of determination of @, in (45) unclosed.
However, as it was shown in Kitaigorodskii (2011a) such changes in K, can be easily
estimated using our theory. For example the estimates in Kitaigorodskii (2011a, 2011b,

2014) show that for ©ol _ @y = 5.0, K, =1-10"* whereas for ©gYa _ Wy =
g g

4.0,K, = 2-107*. Therefore changes in K, are not too big for a reasonable range of
values of @y. Thus it will be useful to illustrate the range of the observed variations of
@gy. The first attempt to do so was done in Kitaigorodskii (1998, 2004). Now we can
find what is the range of theoretically derived values of Izg and @, in the framework of
the theory in (43) and (45). For this we need to know the values of 4, and y in the rela-
tionship for Eg (45). We can parameterize A, according to the data from Kitaigorodskii
(2011a). The corresponding formula can then be written as

AO = AOl " 1026;4 (47)
and the range of Ay, for values Wy = 4.0 — 5.0 is
A01 - 1 - 15. (48)

An example of the empirical determination of A, based on the data from the
SWADE experiment (Drennan et al. 1996) is presented in Fig. 1 (modified from
Kitaigorodskii 2009 and 2011a). From Fig. 1 it follows that A, = 20.9 which according
to (47) and (48) leads to the values U,/c, = @, = 1.47 — 1.63. Thus the value of
Ay = 20.9 corresponds to rather mature waves, which were characteristic for the
SWADE data, whereas formula (47) can describe variations of A, in other stages of the

wave development. In Fig. 2 we present the results of our first calculations of the varia-
tion of @, with @,, based on (17) and (19) and on a simplified form of the energy bal-

ance for a given value of the drag coefficient (Cf = 1.3 - 1073) and for A, in (47) and
(48).

The most important result of these calculations is the difference in the behaviour
of @, with @, for different values of A, which was taken either constant (A, = 20.9) or
according to the empirical findings (47, 48) in the relationship between A, and @,
(Kitaigorodskii, 2011a). In the case of Ay = const, a growth of @, with @, was ob-
served. In our understanding this will contradict the traditional assumption of Kolmogo-
rov's turbulence, where the inner dissipation scale diminishes with increasing energy
supply. In weak wave turbulence based on the energy balance (1), the dissipation scale
will increase with wave growth (and thus with the increase in energy supply to small



18 Sergei A. Kitaigorodskii

scales from larger scales). In other words, such difference in the behaviour of dissipa-
tion scale would mean that direct energy cascade typical for Kolmogorov's turbulence in
the weak wave turbulence can lead to disappearance of the inertial range of scales oppo-
site to Kolmogorov's turbulence where it increases with an increase in energy supply.
This effect is due to the movement of white capping dissipation to longer (larger) wave
components widening the dissipation subrange. According to the author this effect can
be seen manifested in the increase of aerodynamic roughness of the sea surface in the
presence of growing wind generated waves. That leads to the conclusion that only the
direction of energy cascade (direct) is the factor that is common to the Kolmogorov's
turbulence and to the weak wave turbulence applied to wind waves. The widening of the
dissipation subrange in the field of wind generated waves can lead to the disappearance
of the scales of inertial subrange and the direct energy cascade and any analogy of wind
waves with the Kolmogorov's turbulence.

e o, U, 2
15 ®
@@x O Gagnaire-Renou et al. (2011)
2.0 ® Kitaigorodskii (2013) theory
® with 4,=4,(U,/c,):
*E ® y=10"" based on Gagnaire-Renou
etal. (2011)
® ® vy ﬁorf.t (C;z(l)g]'nlajire—Renou
et al.
[h
O
1.0 Oo* Kitaigorodskii (2013) theory
O & with A4,=const ~20:
10002 2 ® ® y(U,[lc,) from Gagnaire-Renou
®*® ® ® et al. (2011)
® y=10"" based on Gagnaire-Renou
etal. (2011)
0 I I
0 1.0 g & Ye

Fig. 2. The relationship between the nondimensional cut-off frequency @, = wyU,/g and nondimension-
al peak frequency @, = wyU,/g in different models (Kitaigorodskii, 2013a) based on the direct esti-

mates of the dissipation of wave energy (Phillips et al. 2001) and the turbulent energy in the subsurface
ocean layer (Kitaigorodskii, 2011a, 2011b).

The other important conclusion which can be drawn from the results of our calcu-
lations presented in Fig. 2, is that for a variable Ay (@,) and small values of y, the width
of the dissipation interval decreases as in traditional Kolmogorov's turbulence (when @,
increases during downshift of @,). This most likely corresponds to the inverse energy
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cascade if the energy source remains in the region of short gravity waves. Thus the in-
crease of @, with wave growth (downshift in @, ) can be attributed to appearance of the
inverse energy cascade contrary to the traditional Kolmogorov's turbulence. This im-

portant aspect of Fig. 2 is illustrated in Fig. 3, which shows that the calculated (many
prefer the word simulated) values of the cut-off frequency @y lie in the range of ob-

served values @, versus @, as reported in Kitaigorodskii (1998, 2004). The observa-
tional evidence on the relationship between cut-off dissipation scale and stage of wave
development does not permit to support only one possibility for the energy balance
based on either direct or inverse energy cascades. The Figures we present here show
that it is more likely that cascade regimes can change their direction during the wave
growth. Fig. 2 illustrates this even more convincingly since it includes also the data
from Gagnaire-Renou et al. (2011). It must be noted that only the latter data with
y = y(Ua / Cp) together with Ay = const = 20.9 gives practically a constant value of
Wy (Wy=4 - 3.2) which was found by Kitaigorodskii (2013a) as the most reliable aver-
age value of @y. From Figs. 2 and 3 it follows that @, can be treated as a constant (or
slightly varying with &@,,) only for the case of Ay = const ~ 20.9 (Fig. 1) and y can
also be considered as a constant in the simple form of energy balance (formulas (18)
and (19)).

2.0 Full Direct cascade
y = W00, £ i )
developed @,=—L—"=0.88 Kitaigorodskii (2011, 2013):

1 ® A,=const=209,y=10""
I O A,=const=20.9,y=10"

Inverse cascade

Kitaigorodskii (2011):
I O 4,=4,(U,lc,).y=10"
1.0
Kitaigorodskii (2011, 2013):

IV ® 4,=4,(U,lc,),y=10"

The range of observed
values from

O //
/ Kitaigorodskii (2004)
© 8
(034

1.0 2.0 w,U,

(]
@

Fig. 3. Comparison of the calculated nondimensional cut-off frequency @, = w,U,/g in Fig. 2 with the
observed data (Kitaigorodskii, 2004).

As we have mentioned above, the most natural way to use the existing data of the
energy balance in wind waves in the form of (45) is when the dissipation of wave ener-
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gy due to white capping is taken according to Phillips et al. (2001). Formulas (45) and
(47) can give us the determination of k; and @, where E, the dissipation of wave ener-

gy, is from Phillips et al. (2001) and given by (20) and (21). Table 1 gives the values of
E in (20) and (21) for four values of the drag coefficient Cr. It shows that the main

changes in the nondimensional wave dissipation £ during the wave growth occur when

dissipation increases strongly from young to mature (or to fully developed) waves.
However, we still do not know the behaviour of the drag coefficient C; with the wave

age.

Table 1. Different values of E (Ua / cp) in (20) and (21) for four values of the drag coefficient Cf.*

Ua/c, Cr=1-1073 ¢ =15-1073 C;=20-10% ¢ =25-1073
0.5 8.61 8.11 7.74 7.49
0.88 7.19 6.69 6.5 6.07
1.0 6.89 6.39 6.02 5.77
2.0 5.17 4.67 43 4.05
5.0 2.89 2.39 2.02 1.77
10.0 1.14 0.64 0.27 0.02

The data presented in Kitaigorodskii (2014) shows that it can be rather complex —
an increase at the first stages of the wave growth and a decrease at the last stages. Also
the complete picture of the variation of Cr with the wind speed is not yet clear, largely
because it must include badly known conditions in hurricanes with high wind speeds.
The modelling of hurricanes gives a rather controversial picture. Therefore we have in
Table 1 values of E with different values of Cy from (1 —2.5) - 1073 (Bell et al. 2012).
In Fig. 4 we present the result of the calculations with Phillips et al. (2001) values of E
for a fixed value for the drag coefficient Cr = (1.0 — 1.3) - 1073. They have the simi-
lar character as the ones derived before without using the observed values of E (Phillips
et al. 2001). The two curves for @y versus @, based on E are presented by dashed lines,
the one for Ay, = const = 20.9, and the other for Ay = Ay; - 102(Ua/cp)_4. They are
shown together with the previous calculations based on different values of .

However, we want to underline one new feature among the results presented in
Fig. 4. If we choose the curves with the same value of y, for example y = 1072, and
Ay = AO(Ua / cp), then the curves which we have associated with the "inverse cascade"
and derived by using E values from Table 1 (Phillips et al. 2001) cross the curves asso-
ciated by us with the "direct cascade", which have the value Ay = const = 20 and
¥y = 1072, They cross each other forming a triangle. The point of their crossing indi-
cates the value of U,/c, (@,) at which the direction of the energy cascades can

change. The same is true for the two other curves in Fig. 4 for y = 10~ and different
Ay (Ag = 20 and A = AO(Ua/ Cp), formulas (47) and (48)). This general feature, as
we will see later, is independent not only from our choice of the drag coefficient, but
also, what is even more important, on the choice of y, which characterize the momen-
tum balance in wind wave field (42). Unfortunately the "triangle" on Fig. 4 by itself

* Converted from u, scaling in Phillips et al. (2001). Editor's remark.
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cannot provide an answer to the question of what type of cascade is dominating at the
first and last stages of the wave growth. As we have shown above the constant value of
Ay = 20.9 (Fig. 1) must correspond to the mature waves rather close to the full devel-
opment. That means that the relationship 4, = Ao(Ua / Cp) (47, 48) describes the in-
crease of A, with the wave growth. This permit us to conclude that the part of the trian-
gle associated with the calculation of @, using Ay = AO(Ua / cp), which we have asso-
ciated with the inverse cascade, corresponds to the initial stages of wave growth (in Fig.
4 at log% > 0.24 — 0.36,% > 1.7 — 2.3). It follows rather unexpectedly, at least for
14 14

the author, that inverse energy cascade is dominating at the first stages of the wave
growth, while the direct cascade is working from these stages of the wind wave growth
up to the mature state. We can show later that such picture has a direct relation to the
observed features of the variation in sea surface roughness with wave age. But now we
will show that equation (43) with K, = constant = (1 — 2) - 10™* can be written in
the form

w ~
lg—~—= E  (Phillips et al. 2001):

Fully
developed

Inverse cascade:
A= JE b Ly=i

Direct cascade:

. 4,=20,y=05,85,=1>

12

+2.0 1.0+

e

‘_ Kitaigorodskii theory
(2011, 2013)
Inverse cascade:

4,=4,(U Jc,),y=10"
A4,=4,(U Jc,),y=10""
+1.0 0.0+
Kitaigorodskii theory

(2011, 2013)
Direct cascade:

Ay=const=~20,y=10"
A4,=20,y=10"

+0.0 -1.0 T
0 1 2 Ig w Ua
g

Fig. 4. Comparison of the nondimensional cut-off frequency @, = w,U,/gin Fig. 2 with the data calcu-
lated on the basis of Phillips et al. (2001) parameterization of the wave dissipation. The regions of poten-
tial existence of the inverse energy cascade at initial stages of wave growth (large@, = w,U,/g) and the
direct energy cascade at well developed waves are shown as two sides of a triangle based on different
types of relationship between @, and @, >

** The y-scale [0 2] correspond to u.scaling of E in Phillips et al. (2001). Editor's remark.
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(’Dé _ 103C;/2((T)p)_4 (49)
(1-n)? E(@p)
For four values of Cr = (1.0, 1.5,2.0,2.5) - 1073 formula (49) can be rewritten as
®%  10%/2(1.0-1.58)
1-?  E(@p)dp” (30)

Formula (49) is shown in Fig. 5 as the relationship between the cut-off frequency
@, and @, for four values of the drag coefficient Cr (W, was normalised with 1 —y).

The dashed lines show the calculations that correspond to Ap; = 1.0 — 1.5and
Pa/Pw = 1.2-1073. As it was noted before, they can be associated with the inverse en-
ergy cascade when the width of the dissipation subrange diminished (&, moves to high-
er frequencies with wave growth) during the downshift of the peak frequency. The
straight lines correspond to the Ay, = const = 20 and they are associated with direct
energy cascade when the width of the dissipation subrange increases in the whitecap-
ping process during the downshift of the peak frequency.

Sda
cP

U -4
A(,—Am-loz( ) ;Ay=(1-1.5)
PM fully
developed 2& =0.88
waves g Phillips et al. (2001)
The diminishing of the white
capping dissipation width of
the dissipation subrange
(Kolmogorov type of turbulence)

In case of y<1 inverse cascade

+2.0-

® =10-10"°
i I C,=10-10

B €=15407
@ NI C,=20-10"

O 0O 0o o
(0]

@

IV C;=251¢"

2.0 lgi’u

Fig. 5. The "Kitaigorodskii" triangles as in Fig. 4 calculated for four different values of the drag coeffi-
cient ¢ =10, 1.5, 2.0, 2.5 - 1073 for normalized nondimensional cut-off frequency @g /1 —y asafunc-
tion of wave age Uy /c, = w,Ug/g = @p.

As noted already, the crossings of these lines form a triangle whose sides corre-
sponds to the initial stages of the wave growth and to the mature waves at the last stages
of their development close to the full development. This period can be characterized as
relaxation of wind wave spectra during the domination of the nonlinear effects in the
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energy transfer in wind driven sea (Zakharov and Badulin, 2011). Thus the observed
features in the behaviour of the cut-off dissipation wave frequency during the wind
wave growth (Figs. 2—5) indicate the dominance of the inverse cascade in the nonlinear
energy transfer in wind wave field at the initial stages of waves growth. Here it is
worthwhile to quote a phrase from the interesting paper of Zakharov and Badulin
(2011): "One can suppose and then show numerically that the leadership of nonlinear
transfer will be more definite at earlier stages of wave development when waves are
lower but essentially steeper." Our Figures 2—5 confirm this conclusion, because the
change to direct energy cascade happens when the growing waves are already well de-
veloped, as it was suggested in the scenario presented by the author in 1961. The domi-
nance of the direct energy cascade in the growth of well-developed waves is not as well
pronounced as the inverse cascade at early stages of wave growth. However, the pres-
ence of the change in the direction of the energy and momentum cascade in the wind

wave field can serve to explain the observed variability of the sea surface roughness and

drag coefficient including the regime of hurricane winds. A good approximation for the
Charnock constant m = gz,/u?, is related to the cut-off frequency @, according to the

formula (15) in Kitaigorodskii (2014), where m ~ ﬁg_z. By taking into account the var-
iation of @, with the inverse wave age @, as in Figs. 2-5, it is possible to explain the
observed features in the variations of the Charnock constant m with the wave age shown
in Figs. la and 1b in Kitaigorodskii (2014).
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