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Abstract

A theoretical model of an electrojet current system is discussed. The
model consists of a horizontal sheet current (electrojet) whose intensity
and direction have arbitrary dependencies on the space coordinates and
on time, and of field-aligned currents above the electrojet which catry
extra charges away from (or to) the ionosphere so that the divergence of
the total current density vanishes. The earth is described as a half-space
with an infinite plane surface, and is assumed to consist'of N uniform
horizontal layers. An algorithm is presented for the calculation of the
induced fields. Rigorous formulas are derived which directly give the total
electromagnetic field on the earth’s surface caused by the model current
system and induction in the earth.

1. Introduction

The simplest model used in studies of the electromagnetic field caused by an
ionospheric electrojet current (auroral or equatorial) consists of an infinitely long
horizontal line current above the flat surface of the earth treated as a half-space.
The time dependence, if explicitly taken into account, is generally assumed to be
harmonic (e.g. ALBERTSON & VAN BAELEN, 1970; HERMANCE & PELTIER, 1970).
The use of a flat earth implies applicability to local studies in which areas under
investigation have dimensions in the order of hundreds of kilometres.

The basic line current model has been extended to horizontal sheet currents by
PELTIER & HERMANCE (1971) and by Hies & JONES (1973; 1976a; 1976b).
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PirioLa (1982; 1985a), however, developed the line current model in a different
way when he also included a harmonic space dependence in the direction of the
current flow. The corresponding generalization was actually involved also in the
treatment by WAIT (1980), but a line current was not discussed explicitly.

The space dependence in the direction of the current, though making an important
extension of the original line current model, also implies a serious geophysical dis-
advantage: because of the non-zero divergence of the current significant electric
charge accumulation occurs on the line. In reality, the accumulation is prevented by
additional currents, the most important of which are parallel to the geomagnetic
field, ie. field-aligned currents. In the auroral zones the geomagnetic field is almost
vertical. Therefore LEHTO (1983; 1984) improved Pirjola’s auroral electrojet model
by adding vertical currents starting upwards from the electrojet and making the
divergence of the total current vanish. In fact, he did not restrict the treatment
to a line current electrojet, but dealt with a horizontal sheet current having
arbitrary time and space dependencies. However, there was one limitation which,
as Lehto mentioned, is a drawback from the geophysical point of view: the
electrojet was assumed to have the same cross-sectional distribution at every
moment of time and everywhere along the jet. Numerical results of the electro-
magnetic field on the earth’s surface caused by special cases of Lehto’s current
model and induction in the earth have been presented by LEHTO (1983) and by
PirsoLA (1985b); LEHTO (1984) contains theory only. ;

In this paper we will show that Lehto’s model can be further developed by
allowing the horizontal sheet current electrojet have any time and space depen-
dencies, so the above-mentioned limitation concerning the cross-sectional distri-
bution is released. Also the direction of the electrojet current may vary in time
and space. In addition, the field-aligned currents starting upwards from the electro-
jet may have any (straight) direction, ie. the inclination and declination of the
geomagnetic field are arbitrary.

The electromagnetic properties of the earth, in which the electromagnetic in-
duction occurs, vary both vertically and horizontally in practice. The former varia-
tion is more important and easier to be taken into account. Therefore the latter
is often neglected in theoretical treatments. PIRJOLA (1982) used an earth model
in which the properties change arbitrarily in the vertical and »almost arbitrarily»
in one horizontal direction. However, he could give only formal solutions to the
problem which are not directly usable in numerical computations. In this paper
we will study the theoretical problem considering also applicability to numerical
calculations. Hence we disregard horizontal variations and assume the earth, which
is a half-space with a flat surface, to be composed of N homogeneous horizontal
layers. The conductivity, permeability and permittivity of each layer may have
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any values. An algorithm necessary in numerical computations will be presented
for the treatment of the N layers. Thus also concerning the earth model, this
paper presents an extension as compared to LEHTO (1983; 1984) who discussed
a two-layered earth.

It should be noted that field-aligned currents have generally been included in
static models (e.g. KISABETH, 1972; KISABETH & ROSTOKER, 1977). In these
references time dependence of the currents of the electrojet system was actually
also taken into account, but only implicitly. It was done by assuming that the
earth, which was treated as a sphere implying a global discussion, contained a
perfectly conducting shell at a certain depth. Owing to the infinite conductivity,
all explicit time dependence of the induced currents vanished.

The final results of this paper are formulas from which expressions for the
total electromagnetic field on the earth’s surface, ie. the primary field caused
by the electrojet current system plus the field due to induction in the earth, are
obtained in a straightforward manner. The calculations are based on rigorous
Maxwell’s equations including also displacement currents. Owing to the low
frequencies associated with geomagnetic phenomena the latter could, however,
obviously be neglected, as is usually done except for the above-mentioned papers
by Wait, Pirjola and Lehto. But displacement currents can also easily be retained,
and the omission might limit the possible applicability of the results to other
electromagnetic problems.

This paper is purely theoretical. Numerical calculations will be presented in
subsequent papers, and the model is planned to be applied in connection with
magnetic data obtained by the so-called EISCAT magnetometer cross in northern
Scandinavia (SUCKSDORFF ef al., 1984).

2. Description of the current system

Let us use the coordinate system conventional in geomagnetic studies, Le. the
x-axis points to the north, the y-axis to the east and the z-axis downwards into
the earth. The earth’s surface is an infinite plane where z=0. The horizontal
electrojet is an infinitely thin sheet current at height 2 (A >0, z = —h) whose
intensity and direction have arbitrary dependencies on x- and y-coordinates and
also on time. Mathematically this is described as

Jg(r,8) = J(xy.) 8(z+h) , ey
where

J(x’)’,f) = Jx(x:}’:t) éx + Jy(x:}’:t) é ’ ) (2)
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y

Fig. 1. The current system model in which a horizontal electrojet at height h flows above
a half-space earth. Field-aligned currents flow in the constant direction defined by the
vector &,

6 is the Dirac delta distribution, and €, and 'éy are unit vectors in the x- and y-
directions, respectively. Due to the x- and y-dependencies of jy charge is accumu-
lated into the ionosphere (8p/dt = —V-j,; # 0). To avoid this let us add field-
aligned currents to the system that carry this extra charge away from (or to) the
ionosphere. Thus the total current density must satisfy the equation V-j,,, = 0.

It is easy to verify that the following current density meets this requirement:

1

€ €p

[ VIG-(z+h)ay, y=(z+h) o, )] [1-6z+m))es, (3)

j[g{(r$t) = jH(r’t) +

where &, is the direction vector of the field-aligned currents (fig. 1):
&g = (cosD cosl, sinD cosl, sinl) , “)

D and I are the geomagnetic declination and inclination, and



Calculation of electric and magnetic fields due to an electrojet current system... 35

o= (0, 0,0 = ( %)

and 0 is the Heaviside step function.
For later use let us calculate the Fourier transform of j,,,(r, £). The following

conventions for the Fourier transforms with respect to a space coordinate and time
are used:

1 ,
fian = o= o | ®
fooa) = g | areiotfiag ™

The Fourier transform of j,,,(r, f) with respect to x,y and ¢ is then:

: _ 1 - g X LigY 3
J10/(91:32:2,0) = YT Jdxdydr et eih* ey, (r,f)
[1-6(z+h)] . ©)
= J(q,w) 8(z+h) ~ ———— iq-J(q,w) eiz+h)qg-a & ,
é,¢p _

where J(q,w) is the Fourier transform of J(x, y, 7):

J(@0) = —— fdrdyds e 9% Y Jooy), ©)
2

71')3/2

and q = (¢4, 45, 0).

3. Calculation of the primary fields

The expression for the magnetic vector potential A in a medium with no
electrical conductivity has been derived, for example, by PANOFSKY & PHILLIPS
(1964, pp. 242—244). Applying the same method to a non-zero conductivity o,
we get

Y 3. §(r',w) el@-kR)
Ay = m_fdwdr —— . (10
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where j(r', w) is the Fourier transform of the primary electric current density with
respect to time, R is the magnitude of the vector R = r—r', and the complex wave
number k is defined by

K = alue—iouo, (1)
Imk < 0.

The condition Im & < 0 is required for the convergence of the integral in eq. (10).
Here the Fourier transform j(r, w) may be further written:

g 1 G X gy s .
) = p qul dg, e*h* e'%Y j(q,,q,7,0), (12)

Substituting eq. (12) into eq. (10) we find

i(wt-kR)
Acy) = £ 1 e
4 (275)3/2 R

] day dgy 0% 9" j(q,,9,,2,0), (13)

where R = [(x-x)%+(y-y)2+(z-z)2]V2.  Changing the order of integration and making
simple changes of variables (x'= x'+x, y'— y'+y) we get

A(r,D) = [ dodg, dg, & ' 9 A(q,z,0), (14)
(27[)312
where
0 ek
A(q,z,0) = e {d3 Te"qlx Y j(q,,9,.7,0) , (15)

and now R = [x24+y2+(z-2y}]/2. The integrals over x' and »' may be immediately
performed by using polar coordinates and integrating first over the polar angle
then over the radial distance (WATSON, 1948, p. 416):

u e'ik-R . ’ . .
A(q,z,0) = T Jdz' j(q,.9,,2\0) [ dx' dy' e giay
(16)
e [2~2'] \/qz—k2

_ B I ‘@yeop T
= 5o 1970@;,95,7,0) - 27 Nl
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where g% = qf + qé and Re v/¢2— k2> 0 (again for convergence).
Defining £, =+/q2—k? and substituting the expression of j,,,(4;, 4,, 2, w)
(eq. (8)) into eq. (16) we get:

A(q,z,0) =

- B f dz e’ 12214, [J(q,w) &z'+h) - Mz—”'l] iq-J(q,w) eE+hao éB]

250 -oo z'B

-h
-1z iqJ(q.0) v - lz—2' i(z'+h)q: 1

- 2‘20 [el +h1¢, J(q,0) - %—% _,Ldzel 1€, it l)qa] an
=Mt h)éo[ L O C DR } .

2E e J(q,w) oL ) 8,55 & |, (z > -h).

This is the desired expression for the vector potential caused by the primary
current density (eq. (3)). It is easy to verify that the field A(r,?) given by egs.
(14) and (17) satisfies the gauge condition VA =0. The scalar potential ¢ may
be chosen to be identically zero since p = 0. Thus the expressions for the electric
and magnetic fields are easily derived from the formulae (PANOFSKY & PHILLIPS,
1964, p. 240):

E(rs) = - agt(r,z),
(18)
B(r,y) = VxA(ry).

The corresponding formulae for the Fourier transformed primary fields are then:

E(q,Z,(D) = _ia)A(q!Z>w) B
B(q,z,0) = —iQxA(q,2,0) ,

(19)

where Q = (qy, 45, ~i§,)-
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4. Calculation of the induced fields

Let us describe the earth as a half-space with an infinite plane surface, and
assume that it consists of N uniform horizontal layers with electromagnetic par-
ameters €;, \;, 0; and thicknesses 7, (fig. 2). Due to a possible time dependence
of the primary current density isos currents and charges are induced into the earth
which in turn generate magnetic and electric fields. We denote the total (ie. pri-
mary plus induced) electric and magnetic fields in the i*® layer of the earth by
Er, £) and Bi(r, 1), i=1,.,N, and the notations E°(r, £) and BO(r, £) refer to the
induced fields above the earth.

The following wave equations are satisfied in each layer i=0,...,N:

>

_ 2pi JE
V2Ei — W .a_E_ — /i’.o".—m =0, (20)
. o%Bi lid
2RI — e T _ 4. —_— = . 21
VB - s o MO, = 0 1)
electrojet
zZ=-h Y >
h
Gy €l
z=0 !
707777 Z &
h
Gl ’815“‘ 1 1
y
z=z1 T
62 382 7“‘ 2 h2
y
z=7,
Z=Z, ;
SYESVLgY
A

Fig. 2. Model of the earth composed of N horizontal layers.
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Writing

Ei(r,) = § dwdq, dq, e“e’* ' EXq.z,0), (22)

75)312

Bi(r,r) = § dwdg, dg, e'ei* 92 Bi(q,2,0), (23)

(2 7[)3/2

we see that the Fourier transformed fields Ei(q,z,w) and Bi(q,z,w) satisfy the equa-
tions

02Ei(q,z,w)

R (¢*k2) Ei(q,z,0) = 0, @9
A
aZBi i) {
—%’— — (kD) Big,z0) = 0, (25)
Z
where g2 = qf + qi and
k2 = @PuE - iowo;. (26)

Let us consider only the z-components of Ei(q, z, w) and BY(q, z, w). The gen-
eral solutions for them may be written:

Ej(qz0) = D;(q0) 5%+ G;(q,0) b)) | 27

Bi(q,70) = Q; (q,0) 541 + R, (q,0) ey | (28)

Il

where fe- 2, 9)

RC&I- 20 5
and z ; = 0. The expressions for the x- and y-components of the Fourier trans-

formed fields may be found from the Maxwell’s equations:

.

- aEz
-quEx —1q2Ey = - E’
) ] dB,
1 -ig,B, —lquy =~ 3
-iqBy +iq,B, = W(oHwE)E, (30)
L -inEy+iq2Ex = -ioB, .
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These equations are valid for both the induced and primary fields (when z > -h).
Equations (27) and (28) involve 4(N-+1) unknown functions D, G, QR
i=0,...,N. The boundary conditions on the electric and magnetic fields determine

these uniquely:
1° The total field must vanish when z oo, and the same holds good of the

induced field in the air when z - —eo, This implies

{ Gylq,@) = 0, {DN(CLCU) =0,
Ro(‘lya)) O > QN(q,a)) = O .

2° The components E, (r,1), E, (rt), B, (r,0) [uand B, (r,) [ of the total fields
must be continuous at z=z;, i=0,...,N-1. Therefore also the corresponding
Fourier transformed fields must be continuous which according to eq. (30)
implies the continuity of 0E A(4,2,0) 19z, (o+iwe)E,(q,z,w), ,u'laBz(q,z,w) [0z
and B, (q,z,w) . This gives us the rest 4N conditions.
The total fields in the air are E+E°® and B+B® where E and B are the
primary electric and magnetic fields, and in the i*® Jayer E’ and B, There-
fore the boundary conditions give:

€Y

JE,(q,2,0)

& (Die‘fihi—Gie“fihi) + ;9 5

§ii1Pi1 —Gi) s (32)

Z=

H(Oiwe)(D; e + Gebiliy + 8, py(oyrioey) E(q,2=0,0) =

. (33)
= /'li+1(O-i+l+la)£i+1)(Di+l+Gi+l)’
Ei 1 aBZ(Q:Zyw) é[.;.]
ZA(0: fih‘- —-R. 'f,'hg iy —— = .o —R.
I ©ie Rie™) + Big My Oz =0 Hin G =R (9
Q; 5 + R ebli+ 8,0B(q,=0,0) = Q. +R,,. (35)

Here §; , is the Kronecker delta symbol. From these equations it is easy to solve
D;,, and Gy, as functions of D; and G;, and Q,., and R, as functions of Q; and
R;. The results are conveniently written in matrix form:

D; %+ ebilt ¥ editi D; %
B} (M ‘ “) 8 E a0, ), (36)
Givt Kt el )\ g, ’ %" .
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[on + &l B il 0; By
( 1\ Bitesiti Pyesi AN 510 B.(1,2=0,0) ) ’ 37
R;q B S B* e il R; By*
where we already used egs. (17) and (19) for the evaluation of the derivatives of
the Fourier transformed primary fields, and defined

1 o +ioe) &
,}?i = __2__,: Nl : 7 + /3 ’ (38)
Hiy (03 1+ 08 ) S
. 1 Hi1 & }
L= — 14+ ——— s 39
g 2 [ B i &9

In order to evaluate the electromagnetic field at the surface of the earth we
need to know the coefficients D(q, w) and Q(q, w). Thus we have to study
equations (36) and (37). Since they are similar in nature let us consider only
eq. (36).

Let A; denote the complex 2x2 matrix multiplying the vector (D; G;) in eq.
(36). Remembering that G, = Dy = 0 eq. (36) implies

(o)

Il
>
z
)
?Q Z
<
il
>
Z
>
Z
N
e
Q
Z oz
N [
~——
]
Il

(40)

Dy 10}
Agg A | Ao + E,(q,2=0,m) .
0 %t

The upper component of this vector equation involves only D . Thus it can readily
be solved:

(A AP %o + (Agg - Az %"
Dy(qo)= - " — E,(q,2=0,) . 41)
(At A %'+ (A - A %

Similarly from equation (37) we get

(Crt o C1y B + (Crg o Ci)yo o
0@ = - N-1 P Bo N-1 V12 Po B(a=0.0), (42)
(Cnt - CD11 Bt + (O Cia iy
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where C; is the matrix multiplying the vector (Q; R;) in eq. (37). If N=1 then the
matrix products Ay_; ... A; and Cy,...C, in eqs. (41) and (42) must be replaced
by a 2x2 unit matrix.

As can be seen from equations (27) and (28) the coefficients D, and @, are in
fact the Fourier transforms of the induced fields Ezo(r, t) and Bg(r, t) on the earth’s
surface. Eqgs. (41) and (42) thus express the fact that the induced fields are linearly
dependent on the primary fields, and the coefficients are fairly simple expressions
of the electromagnetic parameters of the various layers. Furthermore, the coefficients
as given in egs. (41) and (42) are easily applicable in numerical computations.

In summary, the algorithm for computing the total electric and magnetic fields
on the earth’s surface is as follows: First one must define the horizontal current
density eq. (2) and compute its Fourier transform eq. (9). Expressions for the
primary electric and magnetic fields E(q,z =0, w) and B(q,z =0, w) are then
derived from equations (17) and (19). The z-components of the induced fields
Ezo(q,z =0, w) and Bg(q,z=0, w) are computed from egs. (41) and (42), after
which the x- and y-components are solved from eq. (30), where for the induced
fields aEZO/az =, E? and aB[oz = EOBS. Finally one must take the Fourier
transforms with respect to g;,q, and w to get the total electric and magnetic
fields at the specified point (x, y) and at time =

The applicability of the present algorithm for calculating the electromagnetic
field at the earth’s surface requires that one is able to calculate the Fourier trans-
form of the horizontal current density eq. (9). For simple geometrical situations
this is usually easy. For example, if we have an infinitely long straight constant
line current pointing in the y-direction, which, in addition, is moving in the
positive x-direction with velocity v, then J,.(x,,£) = 0 and J,,(x,, 1) = 18 (x-v1).
The Fourier transformed horizontal current in this simple case is then J(q, w) =
27 8(q,)- 3(w—q,v) &, The expressions for the electric and magnetic fields thus
reduce to single integrals over the variable g;.

5. Conclusions

This paper deals theoretically with a model of an electrojet current system.
The earth is treated as an N-layered half-space with a flat surface implying appli-
cability to local studies. The electrojet system situated at any height above the
earth’s surface consists of a horizontal sheet current (Z.e. the electrojet), whose
intensity and direction have arbitrary time and space dependencies, and of straight
field-aligned currents preventing the accumulation of electric charge in the iono-
sphere and having any direction (i.e. any inclination and declination). The direction
is the same at every point and time. The final results of this paper are rigorous -
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formulas which directly give the total (i.e. primary plus earth-induced) electro-
magnetic field on the earth’s surface.

As compared to previously published works dealing with electrojet models of
similar type this treatment has the following advantages:

1.

2.

The behaviour of the electrojet is arbitrary with respect to both time and
space, e.g. the shape of the electrojet need not be straight.

The field-aligned currents recognize that the geomagnetic field is not exactly
vertical even in the auroral zones. In fact the present model might be used
in equatorial studies, too.

. Induction in a layered earth having any number of layers is explicitly taken

into account.

In future the model presented in this paper could further be developed as
follows: - - -

1.

Lateral inhomogeneities i the structure of the earth should be included.
This will be of particular importance when the model will be used for the
EISCAT magnetometer data collected in northern Scandinavia which is
situated at the Arctic Ocean.

. Effects of the curvature of the earth should be discussed.
. Cases in which the direction of the field-aligned currents changes in time and

space could be considered.

. Cases in which the electrojet current does not flow horizontally, i.e. also

contains a vertical component, should be studied. It is probable that such a
model can be constructed as a superposition of current systems of the type
discussed in this paper.
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