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Abstract

This paper deals theoretically and numerically with electromagnetic
induction in the earth caused by a current system consisting of a hori-
zontal straight line current (i.e. an electrojet) and of vertical currents
which start upwards from the electrojet. The time dependence and the
space dependence in the direction of the electrojet are harmonic. The
latter dependence is described by a so-called longitudinal propagation
constant ¢g. The role of the vertical currents is to prevent electric charges
from accumulating at the electrojet. The earth is regarded as a half-space
with a flat surface, and it is assumed to be electromagnetically homo-
geneous.

Rigorous formulas for the total electric field and for the total magnetic
(variation) field on the earth’s surface are given. The main purpose of this
paper is to investigate the influence of g on this electromagnetic field.
The investigation is based on three numerical examples. As a general con-
clusion, all field components approach zero as g increases and are already
very small when g =5« 10" m™! (corresponding to 126 km). At smaller
values of ¢ the absolute values of field components have maxima and
minima, three of them being zero when q = 0.

The validity of the magnetotelluric plane wave assumption is also con-
sidered in this paper. Generally, an increase in g decreases the validity,
but there exist clear exceptions from this simple behaviour.
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1. Introduction

The simplest model of auroral and equatorial electrojet currents for theoretical
consideration is obviously an infinitely long horizontal straight line current (see
e.g. HERMANCE and PELTIER, 1970). In studies of electromagnetic induction in
the earth a harmonic time dependence is usually assigned to the electrojet, and
the earth is treated as an infinite half-space with a flat-surface. The latter assump-
tion implies the local nature of the discussion. The half-space outside the earth is
normally considered homogeneous (exclusive of the electrojet) and electromagne-
tically similar to a vacuum.

PELTIER and HERMANCE (1971) and Hisgs and JoNEs (1973; 1976) have
previously considered extensions of line currents to sheet current models, whilst
PirJOLA (1982; 1985) has developed the original time-harmonic line current
model in a different manner by also assigning a harmonic space dependence in
the direction of the line, ie. a harmonic longitudinal space dependence. The cur-
rent then behaves as a wave propagating along the line. A generalization of this
kind was also included in the discussion by WAIT (1980), although he did not
consider a line current explicitly. Due to the equation of continuity necessarily
satisfied, the longitudinal space dependence implies the existence of electric charge
on the line. This has to be regarded as a disadvantage from the geophysical point
of view because such an accumulation of charge is in reality prevented by the
high conductivity of the ionosphere (cf. PIRtoLA, 1985). Hence, it would seem
natural to improve Pirjola’s model by assuming that the half-space outside the
earth consists of two parts separated by a boundary parallel to the earth’s surface:
a highly-conducting jonosphere and a poorly-conducting lower atmosphere, and
that the line current is situated in the ionosphere.

However, LEHTO (1983; 1984) makes the improvement in a different way;
he maintains the electromagnetic homogeneity of the half-space above the earth,
but adds vertical currents to the electrojet system which start upwards from the
line current and make the divergence of the total current vanish, Z.e. no charges
accumulate. It should be noted that the geomagnetic field is almost vertical in
auroral zones. Thus Lehto’s model corresponds to an auroral electrojet current
system which is completed by including field-aligned currents. In fact, Lehto
does not restrict his theoretical formulation to a line current electrojet, but he
deals with a sheet current, and even the space and time dependencies are arbitrary,
not necessarily harmonic.

In the theoretical discussion of PIRIOLA (1982) the earth is mainly assumed
to be composed of homogeneous horizontal layers whose number is arbitrary, but
formal extensions to any vertical changes and even to lateral variations perpendicular
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to the electrojet are also included. Lehto, however, wants to avoid mathematical
overload unessential as viewed from the point of the electrojet current system, and
confines his treatment to a two-layer-earth model. Nevertheless the final formulas
derived by Lehto and expressing the electromagnetic field on the earth’s surface
are complicated and difficult to be applied in numerical computations. So LEHTO
(1983) only considers two simple situations as numerical examples: a time-independ-
ent case, and the case of no longitudinal space dependence. In the latter case there
are also no vertical currents. The second paper (LEHTO, 1984) is purely theoretical.

In this paper we will, basing on Lehto’s equations, discuss cases in which the
current system is both time-dependent and varies longitudinaily, but these depen-
dencies are assumed to be harmonic. In particular, we will consider the effect of
the so-called longitudinal propagation constant, which expresses the longitudinal
space dependence, on the values of the electromagnetic field components observed
on the earth’s surface. For simplicity, the earth is assumed to be homogeneous
here. This paper thus corresponds to the treatment in PIRjoLa (1985), but with
one important difference: vertical currents are present now.

2. Theory

As indicated above, the earth is described as a homogeneous infinite half-space
with a flat surface. We adopt a right-handed Cartesian coordinate system with the
xy-plane coinciding with the earth’s surface and the z-axis pointing downwards
into the earth. Let us denote the conductivity, permittivity and permeability of
the earth by o, € and u, respectively, which are scalars and constant in both time
and space.

We further assume that the electrojet current system, which is the primary
source in the electromagnetic induction phenomenon, is given by

T=J0r 1) = Je"“ 59 (8(z+h) &, — ig(1 — OG+h) &) 1

where J is a complex constant implying the magnitudes and phases of the currents
in the system. 8’s are Dirac delta functions and 0 is a Heaviside step function. The
whole current system is thus situated in the plane x = 0, and the horizontal part
of it lies there on the line z = —h while the vertical currents occupy the half-plane
z < —h. The height & is positive. We assume the angular frequency w positive, and
the longitudinal propagation constant g is real and non-negative. (Obviously, how-
ever, the treatment of the present problem would be straightforward also for

w < 0orq <0, and if a Fourier synthesis with respect to w and ¢ is performed,
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a half-plane of the wg-plane has to be mcluded) As the unit vector e expresses
the direction of the electrojet, it should most probably point to the east or west,
though in the present theoretical discussion it may have any horizontal direction.
The parameter g could, of course, also be called a wave number or a space
(angular) frequency.

Equation (1) is a special case of formula (8) of LEnTO (1983) or (4) of LEHTO
(1984). Lehto also discusses the borders of the current system, but according to his
conclusions they need not be taken into account and equation (1) is used directly.
As pointed out already above, the divergence of j is zero.

Let the conductivity, permittivity and permeability of the upper half-space,
called the air, be 0, €, and ug, which are scalars and constant in both time and
space. In principle, €, and u, need not equal the corresponding vacuum quantities,
but of course, it is reasonable to give them these values (¢f. Section 3.1).

With these assumptions and notations the electric field £ and the magnetic
(variation) field B observed on the earth’s surface have the following expressions:

-xoh .
. —e 7 sinbx
opy g —I3) iy} Je" D) @ %y
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These equations can be obtained from formulas (113)—(117), (124), (125), (132)—
(137) and (195) of LenTo (1983) or from formulas (46), (47), (50)—(61) of
LeHTO (1984), utilizing also the homogeneity of the earth. The notations involved
in equations (2)—(7) are the same as those used by PIRioLA (1982; 1985), ie.

n
ko= &’ pyeg — iopgog,  — 7= argky < 0, 3)

K= coz,ua — ioua, 3 <argk <0, )
2_ 12— _z =z

n=k—d, 5 <argn < Oorargy = 7, (10)
n n

m=K—q, —3 <argn < 0orargn = 7, (1)

n
x3= b — 3, 0 < argxy < 7 (12)
%= b -, 0 < argx < g, (13)
and

A= PRER-R) — (n% o+ £ :ﬁx) (k%rﬁxo +ed Wx). (14)

Ho

Lehto defines the argument ranges of 1 (or ny) and n, differently, but it does
not matter, because only n? and ?712 occur in the equations for E and B. The sub-
script M referring originally to the fact that the field is considered on the earth’s
surface and used in PIRTOLA (1982; 1985) is omitted here because it does not
play any role. Equations (2)—(7) are rigorous based on complete Maxwell’s equa-
tions which include the displacement currents. But in practice, approximations
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simplifying the formulas are possible. However, in the present numerical compu-
tations the rigorous equations can be used as well and so the discussion of
approximations is neglected here.

When formulas (2)—(7) are compared to the corresponding equations of PIRr-
J0LA (1982; 1985), which were derived for a time- and space-harmonic line
current but without vertical currents, it is seen that B, is exactly the same in the
two cases while the five other components differ. The equality of B, is not self-
evident, for although B, is affected neither by vertical currents nor by an accumu-
lating charge it is influenced by horizontal earth currents different in the two
cases. However, the difference of these earth currents must now be spatially sym-
metric in such a way that it does not give rise to any B, component.

3. Numerical calculations

3.1 Values of the parameters

~

The values selected below for the parameters will be the same as used by PIR-
joLA (1985), which is a general reference for this whole section and further
references can be found there. -

The electromagnetic field £, B expressed by equations (2)—(7) with (8)—(14)
is a function of many parameters, and an investigation of the effects of all of
them would be very laborious in practice. Hence, as mentioned above, we will
concentrate upon studying the influence of changes in ¢ on E and B. Thus all
other parameters except for ¢ and also for w and x will be kept constant through-
out this paper as follows: J = 100 kA, & = 100 km, ¢, = 2-10"4Q m™, ¢, =
8.854-10"12 AsVim™, yy = 47-107 VsA'm?, 0 = 102Q7 m™, e = 5S¢, and
1= g

The current intensity J could also be bigger for an electrojet, but its choice is
not very important, because the components of E and B are linear with respect
to J. The assumption that J is real simply means that the phase of the primary
horizontal line current is wt — ¢qy. The value of # probably represents a minimum
of realistic electrojet altitudes.

The value of o, is a typical conductivity of the air near the earth’s surface.
€o and g correspond to vacuum. The value of 0 may be regarded as a kind of
average conductivity for Scandinavia, and € and u are usable for ynormaly earth.
On the other hand, however, € does not have influence on the results in practice.

We will consider three different values for the period T (i.e. 2m/w) selected
from the range of typical geomagnetic variations: 20 s, 3 min and 2 h, and in
these cases x will be 100 km, 500 km and 10 km, respectively. The values of g
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discussed in this paper are in the range 0...5-10°m™, which seems reasonable if
we assume that minimum longitudinal scale lengths of electrojets are in the order
of a hundred kilometres. It should be noted that w and ¢ always define a (longi-
tudinal) velocity as w/q (¢f. HUTTON, 1972). For e.g. T=2h and ¢ =5-10"%m™
this velocity equals 175 ms™.

The integrals in equations (2)—(7) are computed using the Fast Hankel Trans-
form after the following formulas are first employed:

bx

and
osbx = mhx J1p0(bx
cos 7 112(bx) (16)

where J,. . denotes the Bessel function of the first kind (JOHANSEN and S@REN-
SEN, 1979). This method of computation is much faster and thus more effective
than that used in PiIrRyoLA (1985) and obviously equally accurate (at least) for
practically interesting values of the parameters.

3.2 Example 1

Let the period 7 now equal 20 s and x = 100 km. The absolute values (ie. the
amplitudes) of the components of the electromagnetic field given by equations
(2)—(7) are shown as functions of ¢ in Fig. 1. All components approach zero
when q is large, but the behaviours differ at smaller values of g. The absolute
values of the components E,, £, and By, which vanish when g = 0, first reach
maxima and then decrease with g. The maxima of |E, | and |B, | occur at about
q=6-10°m™. |E,| goes to a maximum value already approximately at g =
10°m™, and the maximum is much higher (= 233 V/km), i.e. about ten times
higher than the top of the frame in the figure. |B,| seems to diminish monotoni-
cally with g, but IEy( and |B,| have »weak» minima near ¢ = 10°m™.

We will compare these results to the discussion of PirtoLa (1985) in which
the primary source does not contain vertical currents. The comparison is made
between the present Fig. 1 and Fig. 1 of PIRJoLA (1985), so T and x are the
same. The behaviour of the absolute values of the field components as functions
of q is in general roughly similar in the two cases; |B,| is exactly the same (cf.
Chapter 2). However, significant differences also exist:
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Fig. 1. Amplitudes of the components of the electric () and magnetic (B) field on the earth’s
surface as functions of the longitudinal propagation constant q. The period T = 20 s, the
distance x = 100 km and the other parameters have the values given in Section 3.1. The maxi-
mum of |E ZI, which occurs at a very small value of g, is about ten times higher than the top of
the figure.

1. In PiRsoLA (1985) approximately the same value of g, i.e. 10°5m™, gives
maxima to |E, |, |E,| and IBy!. This value is larger than the values of g that
yield the corresponding maxima in Fig. 1, and expressing it more generally,
the changes with g are slower in PIRJOLA (1985) than here.

2. |E,| and |B,| do not have any minima in PIRIOLA (1985).

3. The maximum values of |E, | and |B, | are considerably bigger while that of
|E,| is very much smaller in Fig. 1 than in PIRJOLA (1985). (The latter con-
clusion is true also when we take into account the fact mentioned that |£,|
actually goes ten times higher than the top of Fig. 1.) The largest values of
the three other components are equal in the two cases because they are
achieved at ¢ = O where the models are the same.

The observation that |E,| is reduced to small (and reasonable) values as compared
to PIrRJoLA (1985) was expectable, since the enormous values obtained there were
clearly caused by the ungeophysical primary charge which is now prevented from
accumulating by the vertical currents.

The amplitudes of the field components on the earth’s surface and their phase
shifts with respect to wt— gy, which is the phase of the primary horizontal electro-
jet current (see Section 3.1), are given in Table I when ¢ = 10°m™. The table
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Table 1. Amplitudes and phase shifts with respect to the quantity wt — gy of the components of
the electric (£) and magnetic (B) field on the earth’s surface when the period 7= 20 s, the
distance x = 100 km and the longitudinal propagation constant ¢ = 10—%m—1. The other param-
eters have the values given in Section 3.1.

Component Absolute value Phase shift
in V/km or nT in degrees

Ex 0.119 —40.3

Ey 0.738 —134.2

E, 15.0 180.0

By 146.8 1.5

B, 239 —85.9

B, 28.2 142.3

shows that the phases of the components differ from each other. B is the only
whose phase is nearly the same as that of the electrojet. £, has very accurately

the opposite phase. According to equation (1) the phase shift of the vertical cur-
rents with respect to wt —qy is —90°, so B, oscillates almost in phase with vertical
currents. As compared to the phases expressed in the corresponding table of PIRr-
JOLA (1985), the phases of E, and B, are approximately and of B,, of course,
exactly the same in these two tables, but the phases of the three other components
differ significantly. A comparison between absolute values given in the two tables
naturally yields results which support conclusions drawn already above.

3.3 Examples 2 and 3

We now assume that 7' = 3 min and x = 500 km. Fig. 2 shows the amplitudes
of the electromagnetic field components on the earth’s surface as functions of g.
Similarly to Fig. 1 |E,| starts from zero at ¢ = 0 and reaches its maximum, which
is about 8.6 V/km, i.e. almost four times higher than the top of the frame in the
figure, already at a very small value of ¢ (= 1.2:10"m™). The behaviour of
|£,[ and [B,| differs from that in Fig. 1: The minima are now deeper and the
largest values are obtained at non-zero values of q¢. The curves for the other
components have the same shapes in Figures 1 and 2, but it should be noted
that the horizontal scale is bigger in Fig. 2, so the decrease with g is more rapid
for 7'=3 min, x = 500 km than for 7 =20 s, x = 100 km. The (vertical) sensitivi-
ties of all six components are higher in Fig. 2 than in Fig. 1.

Let us finally set 7 equal to 2 h and x equal to 10 km. The amplitudes of the
field components on the earth’s surface are depicted in Fig. 3 as functions of q.
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Fig. 2. Amplitudes of the components of the electric (¥) and magnetic (B) field on the earth’s
surface as functions of the longitudinal propagation constant g. The period T = 3 min, the
distance x = 500 km, and the other parameters have the values given in Section 3.1. The maxi-
mum of |E,|, which occurs at a very small value of g, is almost four times higher than the top

of the figure.
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Fig. 3. Amplitudes of the components of the electric (E) and magnetic (B) field on the earth’s
surface as functions of the longitudinal propagation constant q. The period T = 2 h, the dis-
tance x = 10 km, and the other parameters have the values given in Section 3.1.
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Also in this case |E,| is zero when g = 0 and gets it maximum value at an ex-
tremely small value of ¢ (= 8.1-10"?m™), but now the maximum remains inside
the frame of the figure. Contrary to Figures 1 and 2, lEyI and |B,,| do not have
any minima in Fig. 3. The horizontal scale is the same in Fig. 3 as in Fig. 1, and
the decrease of the components with g is very roughly similar in these two figures.
The sensitivities of the electric components and of the magnetic y-component are
bigger in Fig. 3 than in Figures 1 and 2. The sensitivity of |B, | is a little lower
and that of |B,| somewhat higher in Fig. 3 than in Fig. 1.

Similarly to Section 3.2, results shown in Figures 2 and 3 could be compared
to the discussion of PIRJOLA (1985), and differences would be found. It is, how-
ever, neglected here.

3.4 Plane wave assumption

The »basic equation of magnetotellurics» is expressed as

B ﬂ=1/_7_ 2y a7
B, B, o

(CAGNIARD, 1953, p. 616). The notations are the same as above, the E- and B-
quantities being measured on the flat surface of a homogeneous half-space earth
characterized by o and u,. (If the conductivity changed spatially, o should be
replaced by a so-called apparent conductivity and the phase angle would depend
on the frequency in the basic equation above.) Formula (17) can easily be derived
by assuming that the electromagnetic field depends inside the earth solely on the
vertical space coordinate z and on time. This is exactly the situation if the primary
field of the induction phenomenon is a harmonic plane wave vertically incident
on the earth. For some further discussion PIrRjoLA (1985) is referred to here.

We will now consider the validity of equations (17), i.e. the validity of the
yplane wave assumption», when the primary field is not a plane wave but the
field produced by the current system (1). The field components that will be dis-
cussed are thus given by formulas (2), (3), (5) and (6). It would seem natural
that a decrease of the parameter g makes the field components better satisfy
formulas (17), since the larger g the more important the horizontal (y—) varia-
tion of the primary field, ie. the bigger the difference between the behaviour of
the primary field and that of a vertical plane wave. However, even for ¢ = 0 the
primary field is not horizontally constant but varies with x.

Let T=20 s and x = 100 km. Table II gives the absolute values (amplitudes)
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Table II. Amplitudes of the horizontal electric field components £, and E, on the earth’s surface
for different values of the longitudinal propagation constant q. The period 7= 20 s, the distance
x = 100 km. The other parameters have the values given in Section 3.1. |Ex(pw)| and | E,,(pw)|
denote the amplitudes that are obtained when the plane wave assumption is made. Relative
errors occurring if |E,(pw)| and lE'y(pw)I are substituted for |E,| and |E |, respectively, are also
given.

q | Ex| | Ex(pw) | Error | Ey| | Ey(pw) | Error
in 107 7m™! in V/km in V/km in % in V/km in V/km in %
0 0 0 0 9.995.10~1 9.959-10~1 0.36
1 1.431.1072 1.432:1072 0.052 9.689-1071 9.653-1071 0.37
5 6.592:102 6.595-102 0.052 8.576:10~1 8.540-10~1 0.42
10 1.194-.1071 1.195107! 0.053 7.378-1071 7.342-1071 0.49
50 2.856-1071 2.85810~1 0.053 2.065-10~1 2.0281071 1.8
100 2.403-1071 2.405-10~1 0.060 1.887-1072 1.097-1072 41.9
150 1.5581071 1.560-10~1 0.11 3.145.10~2 3.156-10~2 0.35
200 9.121.1072 9.141.1072 0.23- 2.841-1072 2.894-102 1.9
350 1.417-102 1.440:10~2 1.6 6.461-10~3 6.774-1073 438
500 1.865-1073 1.972:1073 5.7 9.618-10~4 1.065-1073 10.7

of £, and E), calculated using formulas (2) and (3) with ten different values of q.
|E, (pw)l and IEy(pw)I denote the amplitudes that are obtained from equations
(17) when B, and B, have their correct values computed with formulas (5) and
(6). In formulas (17) o, of course, then has the same value 102Q7m™ as above,
and pg = 4w - 1077 VsA™m™. (If the permeability of the earth differed from u,,
the right-hand side of (17) should be multiplied by v/u/u,.) The relative errors
which are made if |E, | and |E, | are replaced by |E, (pw)| and |E), (pw)| are also
given in Table II.

According to Table II the plane wave assumption seems to be well acceptable
for |E, | and IByI when ¢ < 5+10°m™, and as expected the error increases with
q. But concerning IEyI and |B,| the situation is more complex: The plane wave
assumption can be made within error limits of about 10 % if the value of ¢q is not
close to 10 m™; thus values in the vicinity of the minima of |E,| and |B,| do
not satisfy equation (17). The error shown in the last column of Table II is not
a monotonic function of g, so the straightforward guess made above that a de-
crease of ¢ improves the validity of the plane wave assumption is not completely
true. It should be noted here that the drawing accuracy in Fig. 1 is not sufficient
to enable one to draw the conclusions seen in Table II; in Fig. 1 IEyl /1B, | seems
roughly independent of g making the error also independent of g.

We considered here only absolute values of the quantities occurring in formulas
(17). A thorough investigation of the validity of these equations would, of course,
require discussion of arguments, too. For brevity, we will do it only for one
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particular combination of the parameters 7, x and ¢: 20s, 100 km, 10°m™.
Table I yields then the following arguments to the ratios £, /By and —Ey/Bx:
45.6° and 44.3°. Thus taking also into account the results given in Table 11,
formulas (17) are well satisfied with respect to both absolute values and argu-
ments (at least) for the particular values of the parameters mentioned above.

In the case T = 3 min, x = 500 km the errors are roughly comparable to those
expressed in Table II, and a maximum occurs in the error as concerns ]Eyl and
|B,|. But when 7"=2 h and x = 10 km the errors are much bigger and the plane
wave assumption is totally invalid. This is understandable because an increase in
the period decreases the validity of the plane wave assumption (WAIT, 1954). The
large errors are evidently also contributed by the small value of x, since generally
the closer the primary source the greater the spatial variation of the primary field
(¢f. PrrioLA, 1985). Comparing the cases (20 s, 100 km) and (3 min, 500 km)
the effects of 7" and x obviously compensate each other.

4. Concluding remarks

This paper deals theoretically and numerically with electromagnetic induction
in the earth by an electrojet current oscillating harmonically in time and in the
longitudinal space coordinate. To avoid accumulation of charge at the electrojet,
the model is completed by including vertical currents which make the divergence
of the whole primary current system vanish. Since the »returny currents are vertical,
the model is suitable for an-auroral rather than for an equatorial electrojet. The
earth is assumed to be a half-space with a flat surface. For simplicity the earth
is electromagnetically homogeneous, which is a rough approximation and should
be neglected in future studies. Also the effect caused by changing the value of the
conductivity of a homogeneous earth should be investigated later in detail.

It is not clear which value is the most reasonable to be used for a real earth, and
the choice, of course, depends on the frequency discussed. The numerical results
of this paper, which concern the electromagnetic variation field observed on the
earth’s surface, are based on formulas (2)—(7) rigorously derivable from Maxwell’s
equations.

The main purpose of this paper is to demonstrate the influence of longitudinal
changes of the electrojet, which are described by the longitudinal propagation
constant or wave number g, on the field on the earth’s surface. Most of the other
parameters are kept constant in the computations, and three different combina-
tions of the period T of the time oscillation and the horizontal distance x from
the electrojet are used: (20 s, 100 km), (3 min, 500 km) and (2 h, 10 km). In
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general, all field components approach zero as g grows and are very small already
at ¢ ~ 5-10°m™, which corresponds to a wave length of about 126 km. (This
is the largest value of g discussed in this paper.) At smaller values of ¢ maxima
and minima occur in the absolute values of field components. The electric com-
ponents perpendicular to and the magnetic component parallel to the electrojet
vanish when g = 0. .

The validity of the plane wave assumption utilized normally in magnetotelluric
studies is also discussed in this paper. As a general conclusion, an increase of g
decreases the validity, but there seem to exist special values of g for which the
error caused by this assumption is large, and the error again turns small at
bigger values of ¢. If 7= 2 h and x = 10 km the error is very large for all values
of g, so the plane wave assumption is completely unacceptable.

Studies of harmonic time and space dependencies can easily be extended to
arbitrary dependencies by Fourier synthesis procedures (see Chapter 2). E.g. a
model consisting of a horizontal electrojet line current of finite length L, and of
vertical currents at its ends could be considered later; 7/L, would probably be
a characteristic value of g then.

As a different future study and as an interesting comparison to the present
results, the model of this paper could be modified by neglecting the vertical
currents but assuming that the horizontal electrojet is situated in a highly-con-
ducting ionosphere that lies above a poorly-conducting air (cf. Chapter 1). To
keep the theoretical treatment easy enough, it is obviously convenient (at least
to begin with) to assume that the conductivity of the ionosphere is isotropic and
does not vary in space which are idealizations of reality.

Acknowledgement: The author wishes to express his gratitude to Prof. Peter
Weidelt for making the author familiar with the method of computing integrals
numerically which was used in this paper, and for providing coefficients necessary
in these computations for the author.
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