551.557. 5% 55T, 513,12 608, 4

A STUDY OF THE SYMMETRICAL GENERAL CIRCULATION
BY THE AID OF A ROTATING WATER TANK EXPERIMENT?%)

by
Ao VAISANEN

Institute of Meteorology, University of Helsinki

Abstract

The three-dimensional structure of the flow of water in a
symmetrical dishpan experiment is computed and compared
with the atmosphere. The zonal velocity distribution was obser-
ved at the top surface and also internally at some levels; in
particular the height of the level at which the flow changes from
an easterly direction near the bottom to a westerly one higher
up, was determined. Observations showed almost strictly zonal
symmetric flow with the meridional component one order smal-
ler than the zonal component. Assuming the steady state it was
possible to compute the whole field of the zonal velocity using
the gradient wind equation. Two different methods wers used in
calculating the meridional winds. The angular momentum bud-
get was computed. Also the balance of the kinetic energy and
the release of free potential energy was examined. The most
interesting result dealing with the angular momentum was the
fact, that the fluid ignores the potentially greatest momentum
source, the warm wall. Rmsur and Furaz [9] have earlier
arrived at the same conclusion for the three-wave case. The speed
of the meridional motion and the location of the angular momen-
tum sources and sinks agree fairly well with the theoretical meri-
dional circulation model presented by Errassen [2]. The energy
considerations showed that at high Rossby numbers the magni-
tude of frictional relative to the other forces can became much
greater than at low Rossby numbers.

*) This research was performed under contracts between the Office of Naval
Research and The University of Chicago (Contract No. N6ori-02036 Project NR
082—120) while the writer was on leave of absence at The University of Chicago.
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Introduction

Experiments made by Furrz ef al [4] in rotating dishpans have shown
that in concentric cylinder arrangements three discrete regimes of water
circulation are observed, depending on rotation and heating rates:

1) single, zonally symmetric general circulation

2) steady wave pattern with jet stream

3) unsteady wave patterns with jet stream, sometimes with repeat-
ing cycle.

The present investigation has been carried out to try and employ
water circulation as an analogy for studying certain dynamical aspects
of atmospheric wind currents. This type of approach has been followed
by Fuourz et ol [4], by RigrL and Furrz [8, 9] and others, who have
analyzed various regimes in the dishpan from the viewpoint of compara-
bility with the atmosphere. In particular, Rigrr and Furrz [8] have
studied a case containing three steady long waves and with jet stream;
frequent reference to this paper will be made in the present article. Using
nondimensional quantities, they have shown that considerable similarity
exists between dishpan and atmospheric flow patterns in subtropical and
middle latitudes: for instance the strength of the jet streams is almost the
same in the relative frame. One of the most interesting results of these
studies is the difference in general circulation mechanisms obtained when
averaging is performed in two types of coordinate systems: conventional
polar coordinates and a curvilinear system which follows the jet stream
axis. The latter set of coordinates brings out in a clear manner the im-
portance of thermally produced ageostrophic mass circulations in main-
taining the observed flow and thermal structure.

The experiment to be described here has steady symmetrical westerly
flow in upper levels, typical of the first regime mentioned. In such ex-
periments, polar and curvilinear coordinate systems following the jet
axis become identical because the jet stream is an almost zonal current.
Analysis of two-dimensional cases may not have served in an important
way the main purpose, which is to obtain insight into atmospheric motion
through model experiments. The atmosphere is invariant neither in lon-
gitude nor time. However, the asymmetric part of the motion often con-
sists in smooth long waves in the westerlies. In such cases, one can
average following the jet stream and obtain cross sections representative
of the symmetric part of the general circulation in the first approxima-
tion. Occasionally also, nearly zonal jet streams are observed. Averaging
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such a current has been performed, for instance, by PArMfin and NAGLER
[6]; their results are compared with those obtained from the dishpan in
the following.

Ertassex [2] has developed a model for slow, thermally and frictio-
nally controlled meridional circulation in an axially symmetric vortex.
He applied his deductions to the cross section of ParmiEN and NaGLER
in trying to explain the possible meridional circulations. This model will
also be examined further near the end of this paper.

Observations

The purpose of this study was to analyze a symmetric general cir-
culation case in a manner similar to that of Rirmr. and Furrz [8] for
the three-wave case. However, techniques of observations had, to some
extent, been improved since the early experiment and a much denser
network of observations was available in the dishpan, especially near the
boundaries. This dense data was very helpful in computing quantities
such as the momentum exchange between the pan and the water inside
the pan.

The most important differences in apparatus of the present com-
pared to the three-wave experiment were the following:

a) A pan with radius of 19.6 cm. was used, previously 15.6 cm. The
radius of the central cylindrical cold source was 4.7 cm., preciously 6.5
cm. Water depth was 6 cm., previously 4 cm. The relative areas of warm
and cold walls are not the same in both cases, a difference which has
some influence on the temperature distribution.

b) The ratio of spacing between inner and outer walls to the mean
radius of the annular ring contained between the walls was different.
This has an influence on the velocity distribution and momentum balance.

¢) In the three-wave experiment the warm wall was not vertical and
the heat source extended around the rim and also inward along the
bottom. In the present case the walls were vertical and the heab source
insulated, so that heat conduction along the bottom of the pan was held
to low values if indeed it existed at all. The cold source was operated by
means of circulating cold water as in the earlier experiment. An identical
method also was used in computing heat transport by the water in the
annular ring from heat source to cold source; the temperature of the
circulating water in the cold source was measured before it entered and
after it left the cold source.
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d) Evaporation from the pan into the atmosphere was diminished
gretlay by a plastic cover. In one of two symmetrical regime experiments
carried out, the evaporation cooling was estimated to have a rate of 6
watts, determined from the total water loss over the experiment. In the
other, evaporation was so small that one could not measure it. Only this
experiment will be considered in this paper. Taking into account all other
factors affecting heat balance, the rate of heat abstraction through the
cold wall was 81 watts in the first experiment, hence the effective strength
of the heat source 87 watts, although the nominal strength was 100 watts.
In the second case the direct radiative heat transfer to the atmosphere
was even smaller, and the nominal heat source of 100 watts was found
to decrease only to 94 watts by this means; as just stated, evaporation
cooling was very small so that the heat transfer by the fluid can be taken
as 94 watts. These instrumental improvements were the consequence of
technical innovations in photography, etec., the details of which can be
found in a report by FarLer [3].

Figs. 1 and 2 show the radial temperature distribution in the sym-
metrical cases analyzed. They clearly reveal the lack of evaporation in
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Fig. 1. Isotherms (°C, deviation from 22 °C) in #* — 2’ plane in experiment with
appreciable evaporation from top.
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the second case, since temperature continued to increase to the top.
Fig. 3 contains vertically averaged temperatures in the vicinity of heat
and cold sources for the nonevaporating case. The radial gradient of mean
temperature does not change enough for molecular transfer of heat to be
effective in changing individual fluid temperatures except within 0.5
mm. from the cold source. In the interior of the water, heat transport by
conduction is negligible, and we must assume that the ageostrophic mass
circulation performs here the bulk of the lateral heat transport. Unfor-
tunately, knowledge about the surface film is poor, but one can see from
the vertical temperature distribution that, except near top and bottom,
the stratification of the water is stable with a nearly linear lapse rate in
the interior of the fluid. In the case of the first experiment with evapora-
tion, the vertical temperature gradient reverses near the top, but near
the bottom there is not as clear a convective regime as in the three-wave
case where the heat source spread along the bottom. In the present case,
as mentioned, this was prevented by insulation of the heat source. Nev-
ertheless, the temperature of the bottom water increased somewhat dur-
ing travel from cold to heat source before reaching the cold source, and
it must be concluded that heat conduction from above takes place through-
out the liquid and probably some from the bottom in the boundary
layer.

Zonal Wind Component

We shall consider a cylindrical coordinate system (r, 6, z) rotating at
the same rate as the dishpan. The angle @ is taken positive counterclock-
wise about the pole or the axis of the cylinder; r is positive outwards
from the pole and z is positive upward. The velocity components along
the three axes will be v, », and »,. Following the reasoning given by
Fuourz [4] and others, we shall introduce nondimensional forms for
distances and velocities as follows:

s’ = s[r, where 7, is the radius of the pan

2 =z[r,

¢’ = ¢fc,, where ¢, = ryo, the equatorial speed of the pan, and w is
the rotation of the pan

t = wt.

It is the advantage of using such nondimensional quantities in calcu-
lations that the results can be compared with those of calculations made
on rotating bodies with a different size or rate of rotation.



A study of the symmetrical general circulation 45

The zonal velocity distribution was measured at the top surface with
methods discussed by Fuorrz ef al [4]. It was also measured internally; in
particular the height of the level at which the flow changes from an
easterly direction near the bottom to westerly higher up, was determined.
These measurements were made with Tellurium probes (discussed more.
by Farrer [3]); the level without zonal motion was located from these
about 1 cm. above the bottom without much scatter of the data points.

For determination of the complete wind distribution we shall use
cylindrical equations of motion in the form:

dv, ! 10op 1oz, 10z, 27,
A e 07 IR Eirwall S wals B €
dt r o 1’9l o oz o' o1 o'r
dv, o2 1 ap' <1 v, lot, 1, — 1;9>*
e s R - rz = T L 9
dr 7 Vy QI or' + Q/ 22 QI or' +QI ' . ( )

The last terms on the right of (1) and (2) are correction terms arising
from curvature of the cylindrical coordinate lines.

All photographs and measurements show almost strictly zonal sym-
metric flow. Observations of the meridional component indicate that,
except for the bottom region, it is one order of magnitude smaller than
the zonal component. The whole system may be considered to be in
steady state for large-scale motion. The steady state assumption implies
that we suppose the heat and angular momentum sources to be weak
enough and to change with time slowly enough, so that we need not
take into account forced oscillations which, with other assumptions, could
occur in the meridional motion. Setting dv,/df = 0 and assuming that
the frictional accelerations in the radial direction are small along with
v,, gradient wind balance prevails and the zonal component of motion
can be determined given the distribution of pressure or height of iso-
baric surfaces. Solving the gradient wind equation for v,

V= — 1+ ]/7'2 — a(giZ) , (3)

where the hydrostatic assumption has been made.

In computing the geopotential goz, DoOrSEY’s »Properties of Ordinary
Water Substance» [1] has been used. From the observations the height
of the level with zero zonal motion is known, so that the zonal wind field
can be determined using the thermal wind assumption at all depths

* In the following the primes will often be omitted for simpler notation.
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Fig. 4. Isolines of constant absolute angular momentum (solid), isotachs (short
dashes) and isotherms (long dashes). B denotes easterlies.
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Fig. 5. Same as Fig. 4, for jet stream analyzed by Parmen and NaerEr [5].
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(Fig. 4). Computed and observed velocities at the top surface were in
excellent agreement. The jet stream is well marked and centered very
close to the cold source. The kinematic Rossby number u/c, is about 1.4
on the surface at the radius of strongest wind. In the three-wave case it
was 0.2 in the jet, or seven times smaller, a consequence of much higher
rate of pan rotation (w = 0.3 compared to w = 0.05 for the symmetric
vortex). In the cross section of Patmfin and NacLEr (Fig. 5), the Rossby
number was about 0.17 in the jet. Such values in the atmosphere, very
near those characteristic for the three-wave case, are typical for the
atmosphere and show the dynamic similarity of asymmetric dishpan
cases and the atmosphere.

The much higher Rossby number of the present experiment clearly
brings out the fundamental difference between symmetric and asym-
metric regimes. The asymmetric regime is nearly geostrophic whereas in
the symmetric vortex the centrifugal acceleration v%/r has the same mag-
nitude ag the Coriolis acceleration fv, over considerable portions of the
fluid.

Another important dynamical difference compared with the atmos-
phere is the fact the easterly flow is observed to extend across the entire
bottom as on the three-wave experiment, so far as zonal averages are
concerned.

Meridional Wind Component

It is much more difficult to determine the distribution of the small
radial wind component v, than that of v,. Direct measurements made at
the free surface are of uncertain quality because of the surface film.
Watching the experiment, one can see clearly that a very thin shearing
layer existed at the top of the fluid, but it was difficult to make satis-
factory observations of the magnitude of the shear. Fig. 6 shows the
average distribution of v, from the observations made at the free surface.
Evidently, the scatter is so large that the curve representing the average
of all measurements cannot be considered reliable. The other curve in
Fig. 6 represents the distribution of v,, assuming that v, is constant
along the radius. Table 1 shows some of the values of », measured in the
interior of the fluid with Tellurium probes and dyes.

ErIAssEN’s problem [2] was to compute the stream function of this
slow meridional cell theoretically from fixed heat and angular momen-
tum sources. Because of the ratio of horizontal and vertical scales and
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Fig. 6. Measured values of v,” at top surface.

especially because of the frictional effect of the walls, the dishpan circu-
lation may not be comparable with Errassex’s model. Hence the meri-
dional circulation must be computed with methods different from assum-
ing any particular model to hold, but it will be interesting to compare
the dishpan results with those obtained by KLIASSEN.

For computing v, several methods are available:

1. In the steady symmetric case the first equation of motion may be
written

o 0v, v,

[}
Ur ar'_[_?)z 2z +

vy v,
+ for = (Vzve — _>, (4)

¥ 72

where the density has been taken as unity and » is the kinematic coeffi-
cient of viscosity. Further, the equation for heat flow is

oT o7 B
”’ar+”’az: VED (6)

where K is the coefficient of thermometric conductivity.
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Eliminating v, from equations (4) and (5),

aT V, ave
|V, — 2~ 3, KVZT

U = T aT o, : (6
f+0

92 or oz

This form of solution for v, includes second derivatives of 7' and v,.
Therefore it is very difficult to determine », in every portion of the cross
section, especially in the zone of weak easterly winds. After interpolation
for the areas with doubtful second derivatives (only 9%v,/92* was retain-
ed) and introduction of the equation of mass continuity, Fig. 7 was
obtained which represents the distribution of the Stokes’ stream function
for the meridional cell.

. If the tempela,ture field is known with a high degree of accuracy,
the vector V=1, + 0, can be evaluated directly from equation (5).

03 0oa 05 0.6 0.7 08 09

Fig. 7. Isolines of Stokes’ stream function [computed from the expression

—~ oy _ i j+1 — Vi j—1) 7

v = _32 > Wir j = = Wi, it wlﬂzd—v—]])l} for the meridional velocities obtai-
2

ned from eq. (6).

4
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This technique has been tried by FarLer [3] but has been found to be
computationally unstable for derivatives.

3. Finally the method used by RierL and Furaz (8, 9] was applied.
Given a stationary temperature field and meridional heat flow at each
radius, one can answer this question: what vertical profile of the radial
flow will accomplish the heat transport if the kinetic energy of the
meridional motion is to be held to a minimum. The solution is:

v, = KH!, — . (7)
2
Here H,, is the mean meridional heat flow, ~ denotes vertical avera-
ging, 7T is departure from the vertically averaged temperature and K
is a constant giving correct dimensions. In the steady three-wave case
this method, which does not require knowlefge of », anywhere, checked
satisfactorily with observed values of v, near top and bottom.
The heat transport H across an arbitrary cylinder is:

D
H = 2qr / (euT") (ovr)dz . (8)
0
Further H' = H/cowory, and H,, = H/c riow2ar’'D’. Hence,
, H e
V, =5 (9)

T 20’ D' pwenry oz

when H is expressed in watts.

Evidently », obtained with equation (6) is mostly smaller, and the
kinetic energy of the radial motion integrated over the whole dishpan
is also smaller than that computed from equation (9). The heat balance
requirement, however, cannot be satisfied with these values. In the follo-
wing we shall use the results of equation (9). Fig. 8 represents the Stokes’
stream function from the minimum v, distribution after evaluation of
v, from mass continuity. The vertical motion is concentrated very close
to the heat and cold sources in the single »direct» cell depicted in Fig. 8.

Angular Momenium Budget

For determining the budget of absolute angular momentum, the ver-
tical cross section was divided into eight parts bounded by the lines
" = 0.3, 0.6 and 0.9, by the two side walls, the bottom, the free surface
and the line 2’ = 0.4 (¢f. Fig. 9). The derivation of the equation yielding
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Fig. 8. Tsolines of Stokes’ stream function for eq. (9) and lines of constant

absolute angular momentum.

a momentum budget in any of the eight compartments is well known
Equation (1) may be written as a momentum equation through multi-

plication by r. Assuming steady state and axial symmetry

o, orv, 0 07, )
70, 5 + v, % + v, + fro, = 5 (re,,) + 7 P + 27,

where the density has been taken as unity.

Now:
12 ov, v,
- o (vrvr?) = LE AP + v o + 200, ,
9 (v,r) o,
5 (00) =0, 3 f oy =2,
so that
10 ov 0 ov

z

_ 2) T — AN _*2
r 87‘ (?)r’l)e’} ) ,Uol) ar Ue,”r + az (/Uz?)t)?) UST aZ —I—ff"l}r

0 07,
= % (rT,) + 7 o + 27, .

(10)

(11}



52 Avmo Viiisimen

0
The equation of continuity is B (o) -+ £ (v) = 0, and therefore
&

10 . 0 0 07, 0
; a_,’. (/velvrlr ) —I_ az (’Ue'Uzr) + f”’r = az (TTB::) + r ar + Ire M (12)

Vertical integration of (12) through a layer of depth dz (subindex
4 = upper, ! = lower) gives

6z 0 o 5
o VA% 4 v, — vl -+ frodz

J . ~
= r[rez)u - Tez)l] + 7.52 8—7' Tar _I_ 26219r (13)

Noting that

T2

F ot
/ 72 a—er dr = v, ], — %%, — 2 / T, rdr (14)
r

1 1
we obtain after lateral integration from r; to r,

3 3 3 3
ry — 15 —

02 (004, — (00,1 + (000), — v0,1) 5 - foc,

3,3
— _ N ~ ~
= (To,, — Taz,) 3 + Ozrtr, ], — Ozr’tT,],. (15)
v, a (v,
where 7,, = » ks and 7, = Pw (1— . Here and later denotes

a radial average with either 72 or r as a weighting factor depending on
which is appropriate.

The Coriolis term in equation (15) is not zero in the individual com-
partments, but it cannot contribute to exchange at the boundaries after
integration over the whole volume. On the left side, the transport terms
are given by the v,, v, and v, fields previously determined. On the right
side, the best measurement is that of momentum exchange at the bottom.
The only terms for which there are no direct means for calculation are
7,, at the top and 7, near heat and cold sources; these must be treated
as residuals. .

Fig. 9 shows the whole momentum budget. It is a surprising result
that the fluxes through » = 0.9 and the source at the bottom from »* = 0.9
to " = 1.0 near balance, indicating that there is no momentum source
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Fig. 9. Momentum budget. To be multiplied by 2 7 x 1075,

at the warm wall.* Rienr, and Furtz [9] have arrived at the same con-
clusion for the three-wave case. The fact that the fluid ignores this
potentially greatest momentum source, indicates that the structure of
the general circulation is determined by factors other than boundary
characteristics with respect to momentum. A surprisingly large sink is
computed for the top. This checks, however, with the observation that
the highest velocities occurred beneath the top, with a thin shearing
layer of strong upward velocity decrease to the free surface.

We can now inquire whether the location of sinks and sources and
the speed of the meridional motion in this experiment agrees with the
results of Errassen’s model. Eniassen states: It is found that the me-
ridional motion will take place mainly in the directions where the sta-
bility of the vortex is smallest, and that the speed of the meridional cir-
culation for given sources of heat or angular momentum, will increase
with decreasing stability of the vortex.

The areas of weak and strong inertial stability can be determined
from Fig. 4, remembering that such stability is proportional to the gra-
dient of absolute angular momentum. In Fig. 8 the stream function of
the mass circulation and isolines of constant absolute angular momentum
are shown together. The solid walls, of course, limit comparability of the
experiment with atmospheric models. However, as seen from Fig. 8, the
meridional motion is strongest in the lower latitudes near the free surface

* The transfer of one unit directed to this wall is within experimental error.
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Fig. 10. Model of transverse circulation from Krrassmw [2].

where the angular momentum gradient is weakest; and it decreases ra-
pidly near the cold source where the momentum gradient is very large.
Close to the bottom a relation is not so apparent: here also, however, the
meridional motion decreases most rapidly in the region of strong mo-
mentum gradient near the heat source.

On the whole, the observations agree fairly well with FLIASSEN’S
conclusions. For further comparison, Fig. 10 shows ErIAsseN’s model:
it represents angular momentum and meridional circulation fields as
proposed by him.

The boundary shearing stresses determined from the momentum bud-
get will in the following be used for the computation of dissipation of
kinetic energy in the boundary layers. From the kinetic energy budget
it will therewith be possible to attain further information on the relia-
bility of the momentum calculations.

Kinetic Energy Balance

Kquations (1) and (2) can be transformed to energy equations by
multiplying them with v, and v, respectively and then adding. If v? is
neglected compared to #7, and also the dissipation of meridional compared
to zonal kinetic energy,

1 dov} 0P ot 07,  2v,7,

0z or er
—_—

5@t ar T g TG T,

(16)
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Only the balance of sources and sinks over the whole volume (&) of the
water will be considered. Because of the steady state and lack of transport
across outer boudaries

—cla—O

and
oD
0——/1),7(&&—]—

The production of kinetic energy by pressure forces

/vr* da = /f/ rd@dfdz_%v// — rdrdz

oD
= 25D )1) —, (18
/ or 0 (18)

r

arez 2UGT9r
vy prdat [ —da.  (17)

where D denotes the depth of the fluid, 7, the radius of the cold source
and 7y the radius of the heat source. The dissipation

J7,, 0 ov,
%5, do = [ EW (0,7, ) — o, de,

where the first term denotes dissipation of kinetic energy in the boundary
layers and the second internal dissipation (¢f. PaLm#in and RrenL, [6]).
Evaluation of the first term yields

0
/az (IDO Bz)da = WD(T? )[,Ueroz)top 9 ez)bottom]

The second term

e
/ v, (a%)il Did 2 (81)0)2
eza—da_v 5 e == (r; — 15w %)

Similar expressions hold for dissipation of kinetic energy by lateral
stresses. Since kinetic energy is very high at top and at cold wall com-
pared to bottom and warm wall, the dissipation may be neglected in the
latter two boundaries. This is in marked contrast to the atmosphere
where the only boundary layer is at the ground. With these omissions
equation (17) becomes
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—

2
2.7'67'0D( vorer)cs - 2”'D(’v9)cs

ox ) top

0D
Kv,—— = Koz,
or
(G G+ G s
— 15+ (19)
where K = nD(r* — 7%).
All quantities for evaluating equation (19) are known except 7).,

and 7,), which will now be computed from the momentum budget. The

momentum transport (M,) to the cold wall

M, = / 77, 1d0dz = 2mr? / 7,dz ,

and the dissipation of kinetic energy through friction (#,) near this wall

F, = 2ar, / V,Tp A%

from above. These reduce to

o,
M, = 2m?y / 8_79 dz and

7 o0v?,
= qry o
W, v, oy o
Since the motion vanishes at the cold source P and 5 = r_ where

7* ig radial distance measured from the cold wall and taken as a very
small quantity. Then

2gerly
M, = — vdz and
o

T Y
F,=— / vidz .
e

The vertical wind distribution is essentially linear above the level
with zero zonal motion. If a similar distribution holds close to the wall,
v, = fB. above 2’ = 0.2, so that

e

T 'uD2

r

sry DB

T gy
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Eliminating # from these equations,
My
F,o= .
3mur’yvD

The momentum transport through the top (M)

M, = /'rrosz

and the frictional dissipation in the surface layer

I = / VyTp,dA

where A denotes area. A simple procedure for relating M, and F, com-
parable to that for M, and F, is not available so that one must integrate
the equations numerically over small radial distances. We then obtain
for the momentum transport

(20)

3 3
ry — 1] —
M, = 2m = - 7,
and, approximately, for the kinetic energy dissipation
F, = ai(ry — 11)057 » (1)

where correlations of », and 7, have been omitted for small increments
of radius.

Evalution of all terms in equation (19) is shown in Table 1. Within
limits of computational accuracy balance is obtained; all four dissipation
terms have the same magnitude.

Table 1
Evalution of equation (19) (units 10-3)
Generation Dissipation

Generation of KE by pressure forces 2.52
Dissipation of KE by lateral shearing stresses 0.47
Dissipation of KE by vertical shearing stresses 0.97
Dissipation of K in surface boundary layer 0.64
Dissipation of KE at cold wall 0.33
Dissipation by (;)2 term 0.36
2.52 2.717
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Potential Energy Release

One of the results of the three-wave study (3) was that the major
fraction of the total release of potential energy (about twothirds) took
place near both rims. Further, nearly the whole release was brought
about by the ageostrophic mass circulation; the potential energy so
released was used for generation of kinetic energy through pressure for-
ces in the manner of the simple classical heat engine.

In the symmetrical experiments all potential energy transformations
take place by means of the ageostrophic radial mass flow. Following
Riear. and Furrz [8] the release (P) is given by

P = gp,€ / T de . (22)

a

Here € = 2 x 107 is the coefficient of thermal expansion of water and
o, denotes standard density. Since there are no variations with longitude

P = 2xgp € / / Tvrdrdz . (23)

Setting 7v, = m and introducing means and deviations with respect to
radius,

P = 2ngo € / / [T + (Tm0)] drdsz . (24)

As discussed by RierL and Furz [9] and Parnmin [7] the 7% term does
not contribute to kinetic energy production since it denotes mean ascent
or descent over the whole cross section without tilting of isotherms. For
comparison with Table 1, therefore, only the second term is of interest.
If small increments of radius are considered,

Hs
/ Tom® dr = )’ TimiAr . (25)

s

From the diagrams in this report and from measurements of vertical
motion, it is apparent that practically all ascent and descent occurs
within 7" = 0.01 to 0.02 from the walls. These very small increments of
radius limit the transport of heat by the mass circulation; in the narrow
boundary layers the temperature gradient is large enough to obtain a
satisfactory calculation of lateral heat transport by conduction, in ac-
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cordance with the estimate for the heat source. Hence only an element
of radius near the walls need be considered in equation (25), so that,

/ TomOdy = (T°m? - Tymy) Ar. (26)

+ . 0 0 o .
Further, since m? -}- my; may be taken as zero from the foregoing,

/ Tom0dy = m®(Ty — T )Ar , 27

and the kinetic energy producing part of the potential energy trans-
formations, or the release of free potential energy

P* = 2mgop, Z Ar /m‘)(TH — T dz. (28)

The quantity m = v may be determined directly from vertical velo-
city measurements near heat or cold source. Alternately, », may be com-
puted from the equation of continuity for which, in view of the formula-
tion of equation (27), the incompressible form may still be used. Both
of these approaches were followed, and excellent agreement was obtained
in spite of the difficulties in measuring v, in the very narrow boundary
layers. Since the vertical motion takes place in such restricted portions
of the volume, its magnitude is large and has the same order as v,. Table
2 contains the pertinent quantities for evaluating equation (28), where
T, and T, have been averaged over Ar" = 0.0L.

Table 2
Gvaluation of equation (28)

2z v, .
(layer) (cold source) T T Ty —Te | (Ta— Tov.
0.9—1.0 0.06 28.3 27.5 0.8 0.05
0.8—0.9 0.16 28.3 27.1 1.2 0.19
0.7—0.8 0.25 28.1 26.4 1.7 0.43
0.6—0.7 0.32 27.9 25.5 2.4 0.77
0.5—-0.6 0.35 27.4 24.7 2.7 0.95
0.4—0.5 0.37 26.8 23.9 2.9 1.07
0.3—0.4 0.36 25.9 23.0 2.9 1.04
0.2—0.3 0.33 24.8 22.1 2.7 0.89
0.1—0.2 0.26 23.3 20.5 2.8 0.73
0 —01 0.11 21.6 16.5 5.1 0.55
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From Table 2, P* = 2.59 x 1073, in excellent agreement with Table
1. It is seen that satisfactory and consistent results have been obtained
for the entire energy cycle. Through release of free potential energy by
the mass circulation, a corresponding amount of kinetic energy is pro-
duced through pressure forces. The kinetic energy so generated is dissi-
pated internally and at the boundaries by friction for steady state. The
dissipation rate must be related to the whole structure of the general
circulation. From Table 1 internal dissipation is very important, in con-
trast to the three-wave and other cases where the Rossby number is
much lower (0.2 or less compared to 1.4). In the present model a constant
absolute angular momentum profile should have been achieved at the
top, since there are no pressure variations with longitude. The fact that
the observed jet stream speed falls far short of that demanded by the
momentum principle can only be explained through action of frictional
forces. It follows that at high Rossby numbers the magnitude of frictional
relative to the other forces can become much greater than at low Rossby
numbers. Since the jet stream and v, in general are in quasi-gradient
equilibrium, frictional stresses and dissipation of kinetic energy influence
the total temperature gradient found in the experiment outside the
boundary layers.
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